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GENERAL BECOONTTION OF THE AIR AS THE MEDIUM 
WHICH C0N'VEY3 SOUND. 



1. Ordinary experience on the transmi'Uint/ power 
of Air. 

We cannot, in strictnesB, say that air is the only 
medium which can convey sound There are instances, 
for example, of persona who are totally deaf to souiida 
produced by excitement of the air, but who can hear the 
Bound of a watch, or a bell, when held by the teeth ; 
the sound being then undoubtedly conveyed by the 
bony and other portions of the head to the auditory 
serves. And we shall hereafter refer to experiments 



ON SOUND. 

in which the transmission of sound from conslderahle 
distances is obviously produced exclusively by fluid or 
solid bodies. Still it is evident, aa matter of ordinary 
experience, that sound is in all lamiliar cases trans- 
mitted by air, and is in a great number of them pro- 
duced by air. Thus, 

"The interposition of a pile of buildings, &c. dimi- 
nishes the intensity of a sound coming from a 
distance ; the partial closing of a window or 
door diminishes the intensity of a sound coming 
from without: the more effectual closing inter- 
rupts the sound entirely. 

The sound of a bell within the receiver of an 
air-pump, struck by self-acting mechanism, is 
gradually diminished as the air is gradually ex- 
tracted from the receiver. 

In all shapes of the trumpet, the flute, and the 
organ, the sound ia obviously produced by action 
oh the air. 

In firing a gun, the sound is produced by the 
sudden creation of a gas similar in its mechani- 
cal properties to air. 

The notoriety of these and similar instances is sufS- 
cient to induce us to refer to the properties of air 
in our investigations of the Tlieory of Sound. It may 
however be remarked here that the theory of the trans- 
i of sound through fluid and solid bodies will 
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be easily connected with the simplest case of the trans- 
mission through air. 

2. Ordinary experience on diminution and retar- 
dation of Sound by distance. 

The first of the obvious laws of Sound in general 
is, that it diminishes with the distance. The accurate 
law of diminution will be considered hereafter when we 
have applied mathematical investigation to the theory. 
The second law, which is less obvious, but which is 
suflSciently well known, and has been remarked by 
observant persons in all ages (see, for instance, Lucre- 
tius, VI. 169, (Sec.) is, that the propagation of sound. to 
a distance occupies time, and that the time required 
is sensibly proportional to the distance to be traversed. 
It is also well known that sounds of different pitch and 
of different loudness travel with sensibly the same 
speed : the sounds of a ring of bells, at whatever dis- 
tance they are heard, fall on the ear in the same order. 
The velocity may be stated roughly to lie between 
1000 feet and 1200 feet per second. The numbers, 
and their variation under certain circumstances, will be 
given with gieater accuracy when we treat of the theo- 
retical investigation. 
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PROPERTIES OF AIR, ON WHICH THE FORMATION 

AMD TRANSMISSION OF SOUND DEPEND. 

3. Equality of Pressure of Air in all directions. 

It is assumed, and we have no reason to doubt the 
law, that Air, as a fluid, is subject to the law of 
Equality of Pressure in aJl directions. If, for instance, 
air is forcibly confined in a vessel of glass or other 
material furnished with closed holes of equal dimen- 
sions on different sides, the confined air will exert equal 
pressures on the stoppers of those holes ; and, if one 
of them is removed, the air will rush out with the same 
velocity, whichever be the hole selected, and whether 
the outburst be upwards, downwards, or in a horizon- 
tal or any other direction. It is also assumed that this 
fundamental property of each small volume of air holds 
when that small volume of air is in motion ; although 
that motion might in some degree derange the laws of 
pressure in experimental cases like that to which we 
have alluded. Thus, if the pressure of air within a bottle 
were produced by the sudden rush of a quantity of air 
into the neck of the bottle, that part of the shoulder of 
the bottle near to its neck might not sustain the same 
pressure (on equal portions of sui-face) as the base of 
the bottle, because the inertia of the moving portions of 
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air would produce the largest pressure on that part of 
the bottle whose resistance brought the air to a stato 
of rest ; although the Law of Eiiual Pressure applied 
to every (tmall volume of air in motion. 

Indeed, as all our experiments on air are made oD 
air moving through space with great rapidity, it is 
impossible to deny the application of experimental re- 
sults derived from sir apparently at re;^ to air vhich ia 
really in motion. 



4. Absence of friction aviong Ote paHicles of Air. 

It is also assumed, in the following investigations, 
that the particles or very small volumes of air can 
move among each other with perfect freedom from fric- 
tion or viscosity. It would seem probable that the 
effect of such friction, &o. would be, not to alter 
materially the laws of vibration at which we shall 
arrive, but to produce the rapid extinction of motion, 

5. Statement of the three Laws affecting the Pi'es- 
ntre of Air. 

But the properties of Air to which it is most im- 
portant to call attention here are the Laws of Pressure 
of Air considered as an Elastic Gas. These are three, 
(I) the law connecting the elastic force of air (or, 
which is necessarily the same thing, the external pres- 
sure that compels the air to occupy only a certain 
limited space) with the density of the air, at a definite 



temperature ; (IT) the variation produced in that law 
by a permanent change of the temperature of the air ; 
(III) the variation produced in that law by a sudden 
change of the compression of the air. 



6. Consli-uction of tlie Barometer. 

In order to explain the experimental investigations 
upon which law (I) is established, it is necessary to de- 
scribe in its essential points the comraon barometer. 
Take a straight tube of glass, not less than 32 inches 
long, open at one end and closed at the other, hold it 
for a short time with the closed end downwards, and 
pour quicksdver (mercury) into it till it is quite full : 
then carefully stop the open end, either by pressing 
it with the finger or by inserting any tight ping which 
can be easily withdrawn ; then invert the tube so that 
its open end is downwards, dip that open end (before 
the plug is withdrawn) into a cistern of mercury, and, 
when the end is securely lodged below the surface of 
the mercury, withdraw the finger or plug. (Figure 1 
rejffesents the apparatus thus arranged, in a shape con- 
venient for experiment : the glass tube being carried 
by a tripod stand which prevents the open end of the 
glass tube from touching the bottom of the cistern.) 
Immefliately the surface of the mercury in the tube will 
fall, till its height above the surface of the mercury in 
the cistern is a quantity not absolutely constant but 
(when the place of experiment is near the level of the 
sea) seldom less than 28 English inches, and seldom 
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greater than 31 inches. The space above the mercury, 
in the tube, is the moat perfect vacuum that we can 
make. If the tube be inclined, so aa to bring ita upper 
end below the horizontal plane indicated by the sur-' 
face of the mercury, the mercury will rise and will till 
the tube to its top. This is the form known as the' 
"Cistern Barometer;" with proper arrangeraenta for 
maintaining the surface of the mercury in the cistern 
at a constant height, it is considered to he the boat for 
Btandard barometers. Another form of the instrument 
IB that represented in Figure 2, to which that of Figure 
S is Bometiraea prefeired bemuse the lower surface of the 
mercury can thus be brought vertically below the upper 
surface ; these forma are known as the " Siphon Baro- 
meter," and they are the most convenient for portable 
barometera. For preparing these, the tube is placed 
nearly horizontal with the open leg upwards ; mercury 
is poured into it and shaken into the closed leg, till the 
closed leg is filled ; then the closed end ia raised, and 
the mercury sinks in it till ita upper surface has the 
same elevation above the surface of the mercury in the 
lower leg, which, iu the Cistern Barometer, the surface 
of mercury in the tube has above that in the cistern. 
In practice, it is necessary in preparing either form of 
the barometer to make the tube very hot, even hot 
enough to boil the mercury, in order to expel aqueous 
vapour ; and, in measuring the height of the surface of 
the mercury, it is necessary to take into account that 
depression known as " capillary depression," which de- 
pends on the diameter of the tube, being greatest iu 
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tubes of BmiJlcst diameter. It is also necessary to 
reduce the measure of the mercuria.1 column to what it 
would have been at a definite temperature of the mer- 
cury; the temperature universalij adopted is that of 
freezing water (32° of Fahrenheit, 0° of Reaumur or 
Centigrade). 

7. Measure of Atmoapheric Pressure, 

When these arrangements are properly carried out, 
we have a measurable elevation of mercury in the tube, 
which can be explained in no way but by a pressure of 
air upon the surface of the mercury in the cistern or 
in the short tube, and which gives the means of mea- 
suring that pressure. The free horizontal surface of the 
mercury in the cistern (conceived as extended horizon- 
t^y through the vertical column of mercury which risea 
from it into the tube) can only be kept at rest by the 
equality of pressures of the various columns which 
stand upon it ; the greater number of these columns 
consist of atmospheric air, but one of them is "that 
part of the mercury in the long tube, which is above 
the horizontal plane of the free surface of mercury in 
the cistern or short tube," and this part can be mea- 
sured. The pressure of the lofty air-atmosphere upon 
the cistern, in fact, must be the same as the pressure 
of a low mercury-atmosphere whose summit is no 
higher than the mercury in the barometer- tube. It ii 
often convenient to refer to a definite elevation of the 
barometer : that adopted in English documents is usually 
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30 English inches ; that adopted by Continental scientiiio 
men is ueually 0"R metre, or 299218 inches (the metre 
being 3937079 inches). In the latter case, the pi-essure 
of the atmosphere upon a sfjuare inch of the mercury in 
the cistern ia the weight of 29()21S cubic inches of 
mercury. A little familiarity with metrical measures 
will perhaps be gained by making a calculation through 
the metrical system. Thus, the pressure upon a square 
centimetre of the mercury-surface will be the weight of 
76 cubic centimetres of mercury. Drs Moll and Van 
Beek {Philosophical Tranmctioiis, 1824) have adopted 
as the weight of one cubic centimetre of mercury 
135962 grammes, and the gramme (the weight of a 
cubic centimetre of water) is lii'lSSl English grains, 
of which 7000 make a pound avoirdupois. So that 
the pressure upon a square centimetre in pounds avoir- 
dupois will be 

76 X 13-59 62 X 15-4324 
7000 
But as the centimetre is 0-393708 inch, the square cen- 
timetre is (0-393708)' square inch. Thus, finally, we 
have for the pressm-e in pounds avoirdupois upon a 
square inch 

76 X 13-5962 X 1.^4324 
7000 X (0 393708)' ' 
The calculation by logarithms is easy, and the result 
is 146966 lbs. This is the pressure upon a square inch 
when the barometer stands at 29-9218 inches ; when the 
height of the barometer is different, the pressure ia 
altered in the same proportion. 



10 Oft SOTTSD. 

8. Height of Homogeneous Atmosphere, i 
humid. 

The authors cited ahove have given the weight of 

one cubic centimetre of dry air (found by exhausting 

the air from a bottle, and weighing the bottle empty of 

air and full of air) as O'OOl 29954 gramme, the air having 

been weighed when the height of the barometer was. 

O^Vfi metre, and the temperature of the air 0° Ceoti-> 

grade ; and this gives us the means of determining the. 

value of one very important constant. The weight of 

one cubic centimetre of mercury was found (see last 

p£^e) to he 13-5962 grammes ; and therefore the weight 

, . 13'5962 ■ , ■ , ^ J- ■ V 

of mercury is . x the weight ol air sucn as we 

have at the earth's surface under these circumstances ; 
and therefore the pressure of air {with the barometric 
height and temperature mentioned above) is equal to the 
weight of a sea of air whose depth is 
13'5962 



provided &iat air were like water, a/n incompressible and 
homogeneous fluid ; the weight being considered as pro- 
duced by the action of gravity at that place (Paris) at 
which the experiments were made. This is usually 
called " the height of a homogeneous atmosphere." It' 
will enter as a constant into every part of the inves- 
tigations which follow. Taken in connexion with the 
value of the gravity under whose action it is estimated, 
it represents a fundamental element in the constitution. 
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of air. The numerical value fonueil from the numbers 
above 18 7951-36 metres or 26087G English feet. We 
shall always use the symbol // for this elcmont. It 
■will appear shortly that the height of the horai^ene- 
ous atmoaphere ia not invariable, but that it depends 
on the temperature of the air ; for that variable height 
we shall use the symbol H'. 

In this calculation we have omitted the cousidera: 
tlon of the moisture in the atmosphere. It is to be 
understood that we possess means in ordinary use for 
ascertaining the amount of moisture in the air (usually 
based on the principle of observing how much the air 
must be cooled in order to make it deposit de*'), and 
that, having examined the properties of vapour at various 
temperatures nearly as we have examined those of air, 
we know what is the elastic force of the vapour in the 
air. Also that we know the weight of vapour which ex- 
ercises a given elastic force, and that it is about | of the 
weight of dry air which exercises the same force. With 
this we must make use of " Dalton's Law," based on ex- 
periments which shew tliat, when dry air and vapour (ot 
any other gases) are inclosed together in the same space, 
the elastic force which the mixture exerts is the sum 
of the elastic forces due separately to each. Supp(.se 
then that, with barometer and thermometer as above 
mentioned, we find that the elastic force of the vapour 

is - of that of the dry wr: (n in these countries is 
n - ^ 

iieldora less than SO). We now have a mixture of dry 

air producing a pressure, on the square centimetre, of 



— y^xOTG X 13o962 grammes, and of vapour pro- 



ducing a pressure of 



n+ 1 



< 0-76 X 13o962 grammea : 



total 0-76 X 13-5962 grammes. And the weight of a 

his mixture is ^ x 000129E 

n + 1 

X 0-00129954 grammes: total 



grammes -\ 



n+1 



0-O0129954 grammea x ll- 



8{n+l)) 



Hence, the height of the homogeneoua atmoapliere will be 

„„ . 13o962 f, 3 1 

**'^^ "'^'^^ "" Q0Q129954 "" j^ " SOTTl)} 



= 7951-36 metres) 



8rt + 



When n= 30, the fraction increases the height of the 
homogeneous atmospliere by ^ part [which, aa we 
shall sliortly see, increases the velocity of sound by j^j 
part). We shall usually omit all mention of this. 

9. Measure of Elastic Force of Air under different 
circumstances. 

We are now in a state to consider the investiga- 
tion of law (!) regarding the relation between the elastic 
force of air and the space which it occupies. We pre- 
mise that in a glass tube, though we cannot every- 
where measure the section, we can with great accuracy 



measure the capacity of the tube from a closed end 
to various points of the tube, by successively pouring 
in small quantities of mercury whose weights are 
known. Suppose then that in Figures 4 and 5 we 
have tube^ of the siphon form, each containing air 
above the mercury in the closed leg. The quantity of 
that incloseil air will be known with accuracy by 
varying the quantity of morcury in the open leg till 
the mercury stands at the same height in the two 
legs: for then it is evident that the pressure of nir 
on every unit of surface of the mercury in the closed 
leg is equal to the pressure similarly measured in the 
open leg, and the clastic utate of the air in the closed 
leg is the same as that of the open aiv. Suppose now, 
that to produce the state of thiugs in Figure 4, some 
quicksilver is withdrawn, or that to produce the state 
of things in Figure 5 some quicksilver is added. Then 
the equilibrium at the lower of the two surfaces is thus 
to be estimated. In Figure i a unit of the surface ia 
the closed tube is pressed down by the elastic force 
of the inclosed air : to this is to be added the weight 
of the column of mercury whose height is tlie excess 
of heiglit in the closed leg above height in the opeo 
leg; and thus is found the pressure upon a unit in the 
horizontal section of the mercury in the closed leg at 
the height of the surface in the open leg. This must 
be balanced by the pressure upon a unit in the sur- 
face in the open leg ; which pressure is merely the at- 
mospheric pressure; that is, it is the pressure of a 
column of mercury whose height is the length of the 
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barometric cohitnn foand by the operations in Article 7. 
Hence the pressure of the inclosed air upon a unit of 
surface plva the pressure of the column of mercury 
whose length is the diiference of heights of the two 
surfaces of mercury must equal the pressure of the 
barometric column. In the case of Figure 5, it will 
be found in the same way that the pressure of the^ 
inclosed atr is equal to the pressure of the column whose 
length is the difference of heights of the two surfaces 
plus the pressure of the barometric column. By these 
operations we have obtained measures of the volume 
occupied by a given quantity of air, and of the 
corresponding pressure upon a unit of surface esti- 
mated by the height of a column of mercury. 



10. WitJi given temperature : Elastic Force of Air 
is proportional to its Density. 

These experiments have been made frequently, and 
to great extents of compression and of expansion of 
the air inclosed in the tube. And the result, or Law 
(T) is the very simple one— "The pressure which a 
given quantity of air produces on a unit of surface 
ia inversely proportional to the space occupied by that 
air." Or, since the diminution or increase of the space 
occupied necessarily increases or diminishes in the 
same proportion the density of the given quantity of 
air occupying that space, the Law (I) may be stated, 
" The pressure which air exerts upon a unit of surface 
is proportional to the density of the air." This is 



commonly cited aa Boyle's Law, or Mariottu's Law. 
It supposes that the temperature of the air ia the same 
in all the experiments. 

11. The Height of homogeneous Atmosphere, with 
given Teniperature, is indejmiident of its Density. 

One consequence of Law (I) is, that the element 
which we have called " the height of a homogeneous 
atmosphere " ia independent of the density of the air. 
For, the element in question is that height of a column 
of air, of the same density, whose weight would pro- 
duce the observed pressure ; but, by thia Law (I), when 
the density ia increased or diminished, the oliserved 
pressure is found to be increased or diminished in the 
same proportion ; and therefore the height of a column 
of air of this altered density, whose weight will pro- 
duce thia altered pressure, will be the same as before. 

12, Si/mbols, and Units of Measure. 

It may now be convenient to introduce symbols. 
Let D be the density of sir under some normal cir- 
cumatancGs. By D we mean the mass of the air 
contained in a cubic unit; the mass being measured 
by its equality with multiples of the unit of mass de- 
scribed as a weight, as ascertained by weighing. 
(Though gravity enters into the operation of weigh- 
ing, its power or change of power affects the two 
subjects equally, and therefore this definition is in- 
dependent of the measure of gravity at the locality 




of any experiment.) The unit of weight may be the 
grain, the pound, the gramme, &c., and tlie uuit of 
measure may be the foot, the inch, the centimetre, &c 
And let F be the pressure of air under the same 
circumstances. By P we mean the pressure which the 
air exerts upon a uuit of surface, estimated not as a 
mass but as a weight ; the weight being defined by the 
number of units of weight. (This definition does de- 
pend on the measure of gravity at the locality of 
the experiment ; the greater is the gravity, the smaller 
will be the number of units of weight required to 
produce the observed pressure.) Now a column of 
the height H (expressed by the number of units of 
length) will contain S cubic units, each of which has 
the mass D and ia weighed at the locality as D ; and 
the whole column will weigh HD. This, when ff 
means the height of a homogeneous atmosphere, is 
supported by the pressure which is measured by 
weight P. Therefore P = H.D. 



13. Algehraical expression for Pressure in terrns 
of Density. 

If the space occupied by the air ia changed with- 
out changing its temperature, and if P becomes 11, and 

B becomes A, then Law (I) asserts that t; = tj . Com- 
bining this equation with the last, 

^^.=H.^. 
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14. Dependence of EUtstic Force of Air avd of 
Height 0/ Ilomuyeneoan Atmmpltere oh Temperature. 

We may dow pruceeJ willi Law (II); but it requires 
no details, because t)ie experiiuenU are precisely the 
same in form as those for Liiw (I), the only diSerooet.- 
being that the air va used at various temp^iratures, ami 
the inferences from the various experiments are com- 
pared. And the reaiilt may bo stated thus with sutSoi- 
ent accuracy. Tlie effect of increasing the temperaturu 
of air is, to increase its elastic force if ita volume is 
not altered, or to increase ita volume if the compres- 
sive force ausweriug to its elastic force is not altered ; 
and the law, a^ depemUug on temperature. Is, that the 
elastic pressure (in oul- case) or the volume ^in the other 
caae) may be represented by i-50 + the degrees of Fah- 
renheit's scale. Thus the preasuru with given quantity 
in a given space at the temperature 32' Fabieubcit will 
be to that with the same quantity in the same space 
at 60° Fahrenheit as 482 to 500. It is easily seen from 
this that if the symbol H be confined to the meaning 
"height of homogeneous atmosphere at the freezing 
point of water," then the corresponding height W, for 



15, Rise or Fall of Atmospheric Temperature, pro- 
duced bt/ sudden Contraalioit or Expansion. 

Law (III) applies to a very remarkable properly of 
air, which is not recognized, we believe, as affecting 
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any other theories of natural pbilosophy conaected with 
the atmosphere, hut which is of the utmost importance 
in relation to the theory of Sound. In the experiments 
described in Ai'ticles 9 and 10 the operations are not 
rapid, and great pains have heen talcen to make the tem- 
peratures perfectly uniform, through the changes of pres- 
sure in each experiment. And the Law (I), or Boyle's 
or Mariotte's Law, holds true only on the supposition 
that the temperature of the air is the same with air 
much compressed and with air little compressed. But 
■when the changes of volume and pressure are very rapid, 
the changes of temperature of t!ie air are very great. 
Upon suddenly condensing air it becomes very hot. We 
have verified the experiment that ; if inflammable tinder 
is pla<;ed in the bottom of a cyhnder in which a piston 
fits tightly and slides easily ; when the piston is driven 
rapidly down so as to condense the air very much before 
it has had time to impart the whole of its caloric to the 
surrounding metal, the air will inflame the tinder. And 
we have remarked, in the poweriul air-pumps (driven by 
large steam-engines) which were used to exhaust the 
air-tubes upon the Atmospheric Railway, that when the 
attenuated air in the tube, having acquired the tempera- 
ture of the ground, was compressed by the operation of 
pumping so as to be able to open the last valve in 
opposition to the pressure of atmospheric air, the emer- 
gent air was so hot as to be unbearable to the hand. If 
Jihe heated air, without having lost caloric, be allowed 
to expand to its former dimensions, it exhibits its former 
temperature : that is, it cools by sudden expansion. And 
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this is 80 well koown that it has been proposed to 
supply apartmento in hut cHniiitca with cool air, by 
compressing air in a close vessel, allowing the in- 
creased heat to escape by contact of the vessel with the 
external air or neiglibouriag substances, and then pur- 
mitttDg the condensed air (at the atmospheric tempera- 
ture) to expand into the apartments, when it would 
have a much lower temperature. 



16. Alteratio7i oftlte law connecting Eliuitlc Force or 
Pressure vnth Density, by i/ie circumstance last mentioned. 



It follows that when the changes of volume of the 
air are rapid (and iu the theory of Soimd we shall have 
to treat of changes which are never so slow ae 3() in a 
second of time, and sometimes as quick aa 4000 in a 

second), the equation 11 = P. ^ cannot hold. For, sup- 
pose that the air is suddenly compressed, or that A is 
greater than D, then the heat is increased above that 
which is supposed in the etjuation; the elasticity is 

increased {by law (II)) ; and II > P y; . On the con- 
trary, when the air is suddenly expanded it la cooled ; 
the heat and elasticity are less than the equation con- 
templates ; and II < P -_ . In both cases the pressure 

may be represented, at least approximately, by the for- 
c2 



20 ON SOUND. 

mula Il=p(-=\ , where Wcsceeds 1, It is not easy 

to ascertaiu the value of N from experiment. Some 
physicists have endeavoured to infer it from considera- 
tions of the commutability of caloric and vis viva. The 
reader will find much information on these points in 
the Pkilosophical Magazine, 1844, 6, 7, 8, 9, 1851, and 
later years; Philosophical Transactions, 1824 and 1830; 
. Mdoanique Celeste, Vol, v, ; Journal de Physique, t&c. 
Differentvalues assigned for A" are 1 333; l-3i8; 13748; 

1'421 ; 1'4254 ; 1'4954!. We are inclined to adopt ^t or 

1'44 as not far from the truth. If for JN (which we 

shall often use) we put the symbol w, then n = ^ = 1'2, 

We know not whether this is varied by variation in the 
original temperature of the air, 

17. Collection of ilie Laws affecting the pressure of 
Air. 

Thus, on combining the different laws, we find these 
values for the elastic pressure of air measured as is 
Btated in Article 12. 

When the air, which is the subject of experiment, 
is allowed to aJ3sume the temperature expressed by the 
thermometer-reading for surrounding objects. 
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When the change in the state of the air is very 
rapid^ 



^'H^'-^'-H^' 



__ jj 450 + readingofFahrenheit*8thermometer A^ 
-^ ^ 482 ^ iy^* 

where we have reason to think that N or n* does not 
differ greatly from 1*44, but where we have no know- 
ledge as to the possible dependence of the value of N 
on the thermometer-reading. 

It will be convenient hereafter to put or ^ for 
the fraction expressing the known thermometrical factor. 
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Section III. 

THEORY OF UNDULATIONS, AS APPLJED TO SOUND ; 
AND INVESTIGATION OF THE PASSAGE OF A WAVE 
OF AIR THROUGH A CYLINDRICAL PIPE, OR OF A 
PLANE WAVE THROUGH THE ATMOSPHERE GENE- 
RALLY, 



18. General ccmception of a Wave. 

The theory of the transmission of Sound through 
the air (as well as through other bodies) is essentially 
founded upon the conception of the transraiesion of 
wavea, in which the nature of the motion is such, that 
the movement of every particle is limited, while the 
law of relative movement of neighbouring particles is 
transmitted to an unlimited distance, either without 
change or with change following a definite law. For 
better understanding of this conception, the reader is 
referred to Figure 6. The upper line (a) is intended 
to represent the position of particles of air, a, J, c, d, &c. 
at uniform distances, in the state of quiescence ; the next 
line (/9) represents them at a certain time Tin a differ- 
ent state, in which they have been placed by some 
artificial cause, more closely condensed about a, about 
a, &c; and more widely expanded about ^f, about g', 
&c.; the third line (y) represents them at the time 

T+-J in a state analogous to the second, but w-i,h 
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the points of coQilonsatiDn about d, d', &c., aud the 
points of expansion about k, k', &c. ; t.lie fourtb lino {h) 
shews the state of coodentiation and rarefaction an 
having travelled btill further in the same direction; 
and so on for the successive lines e, f Now if the 
places of the points in those lines represent the positions 
of the particlex at successive equal intervals of time, 
it is plain that we have states of cundensation and states 
of rarefaction travelling on continually without limit, 
in one direction; while the motion of every individual 
particle ia extremely small, and is alternately back- 
wards and forwards. And this is the conception of a 
wave as depending on the motion of particles in the 
same line as that in which the wave travels ; this is 
the kind of wave which we shall consider as explaining 
the transmission of Sound. 

But there are othur kinds of movemunts of particles, 
which are equally included under the conception of wave. 
For instance, in Figure 7, the motion of the particles 
is entirely transverse to the horizontal lines of the dia- 
gram ; and, here, it is not states of condensation and 
rarefaction that travel continually in the same direction, 
but states of elevation and depression that so travel 
(This is the kind of wave which is recognized as 
applying to polarized light.} In Figure 8, the motion of 
the particles consists of a combination of the two 
motions in Figure G and Figure 7; the vertical displace- 
ment of the particles so accompanying the horizontal 
displacements, that the places where the particles are 
most condensed in the horizontal direction are the 
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places where they are most elevated in the vertical 
direction. {This is the character of waves of water.) 

But in all these there is one general character ; that 
a state of displacement travels on contimially in one 
direction, without limit ; while the motion of each indi- 
vidual particle is or may he small and of oscillatory 
character. And this is the general conception of a 
wave. It will be remembered that the special cha- 
racter of the waves of air applying to the problem of 
Sound is, that the displacements of the particles are 
in the same direction (backwards and forwards) as that 
in which the wave travels. 



19. The idea of a Wave was first enteHained and 
developed by Newton. 

This idea appears to have been first entertained hy 
Newton, and was certainly first developed by liim, for 
the purpose of explaining what till then was totally 
obscure, the transmission of Sound through Air; it 
is worked out in the third book of the Principia, and 
among the many wonderful novelties of that wonderful 
work, it is not the least interesting or the least i 
portant. The mere conception of the motion of particles 
in the way pointed out above is a very small part of 
Newton's work ; the really important step is, to shew 
that the condensations and rarefactions produced by 
theae motions will, by virtue of the known properties of 
air, produce such mechanical pressures upon every 
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separate particle that the difiereut chaogcs of motion, 
which thoiMt pressures will produce on each iudJvidual 
particle, will bti such that the a^umod laws of move- 
ment will necessarily be maintained. Perhaps it is not 
easy for us now to realize the boldnefa of the concep- 
tion and the difficulties of the problem. It rei^uired 
a new Calculus, ihe Theory of Partial Differential 
Equations, of which this is the first instance. Newton 
himself could only solve the equation synthetically, not 
analytically; and, in consequence of the use of this 
method, he gave a restricted solution, not tlio general 
solution ; but the solution contained no other error,. To 
reconcile his theoretical inference for the Velocity of 
Sound with observed measures of velocity, he suggested 
the idea that tbe dimensions of the particles of air 
produced a sensible eft'ect; we have in later times ex- 
plained the discordance by the theory given above in 
Articles 1.5 and 16. 



20. Newton's treatment of Waves of Air. 

Newton's proposition 47 is headed, " When pulses 
are propagated through a fluid, every particle oscillates 
with a very small motion, and is accelerated and re- 
tarded by the same law as an oscillating pendulum," 
that is, by the law. A' (the displacement of a particle) 
= jd. cosine (S(— 6'). After a short explanation, he 
says, "Let us suppose then that the medium is by 
some cause put into such a state of motion, and let us 
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see what follows." He tiien takes tliree particles at 
amall intervals, and supposes that, in the circle where 
the cosine represents X, the points corresponding to 
these particles have different places ; which amounts 
to the same as supposing that is not constant but 
depending on x, or that X = A . cosine {Bt ~ Dx). He 
then attaches each of the three values of X to the three 
original ordinates, thus forming the three disturbed 
ordinates ie+ X; he finds the space now between them; 
he finds the density and elasticity of the air between 
them, whose variable part it is easily seen is propor- 
tional to sine {Bt — Dx] ; he then takes the excess of 
the front elasticity above the back' elasticity, which 
evidently is proportional to cosiae (Bt — Dx] : and as 
this backward force is proportional to X, he infers that 
these forces will account for a pendulum-like motion 
of the iiarticles. Proposition 48 is in fact contained 
in Proposition 49, " Given the density and elastic force 
of the medium, to find the velocity of the pulses." He 
supposes a pendulum to be constructed whose length 
ifi the height of homogeneous atmosphere (our H). He 
then says, as the theorem to be proved, "In the time 
occupied by a complete or double oscillation of that 
pendulum, the pulse will pass over the space ivH." 
It is difficult to give an idea of the process without 
copying Newton's very words ; but it depends on esti- 
mating, from the preceding considerations, the time of 

complete oscillation of a disturbed particle, or -jr, and 

- remarking that in that time the pulse must have passed 



over a space equal to the interval beween two waves, or 

-jj . (This will be seen upoa examination of Figure 6; 

in tracing the successive states of each particle a, d, g, 

&c. at eaoh time T.T+], 7+^, 7'+^, T+r.it 

will be seen that ever}' particle has gone through its 
complete oscillation backwards and forwards between 
the time T and the time T-}- t ; and it will also be seen 
that, between the time Tanrt the time T+t, the state 
of condensation has travelled forward with aniform velo- 
city from a to a'.) And, having found this, he infers that 

tte velocity will be that acquired by falling through -^ ■ 

The whole process is most ingenious and accurate ; only 
deficient in generality, in supposing (apparently) that 
no other law of motion would satisfy the conditions. 
He then, with inaccurate weight of air, finds ^=29723 
feet, and theoretical velocity of 80imd = 979 feet per 

second ; to which he adds ^ part for the supposed mag- 
nitude of particles of air. And he remarks that the ■ 
velocity will increase with the temperature. He also 
endeavours to take account of the aqut.'ous vapour i 
the air. 



i 
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21. Algebraical treatment of Waves of Air tra- 
velling along a tubs; and formation of the Partial 
Differential Equation, neglecting email quantities. 

The algebraical method of treating the problem will 
be as follows. Let x be the distance (measured parallel 
to the axis of the tube) of any particle from the origin 
of measm-e of x, in the quiescent state, that is, in the 
state in which the density of the aii- in every part 
of the tube is represented by D ; and at any time t 
let the particle be in a place advanced beyond its 
original place by the quantity X, so that its ordinate is 
now x + X; -T is diffurent for different particles at the 
same time, and is different for the same particle at 
different times, and therefore is a function of both x 
and t. Now consider the place of a particle whose 
primary diBtance from origin was x + h; its present 
distance &om origin is 

X, , d'X h' , , 
ax oaf 1.2 

its present distance from the particle before men- 
tioned is 

jj^_^dX\<^X _^^ 
V dxj dx" ' 1 . 2 "^ 



I-&C.; 



the mass of air which, with density D, did occupy t 
length k, now with density A occupies the length 

, dX\ d^X 



/, dX\ d'X /*= , 
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whence 

or, forming the expression for A and supposing h in- 
definitely small, 



^ dX \ dx \dxj \dx) ) 



A = 

dx 



For the present, we shall suppose the relative move- 
ments of the particles to be so small, tliat the higher 

powers of -,- may be neglected; then our equation 

becomes this ; 

About the particle whose original ordinate was a:, 
the density of the air, or A, is represented hy D— D J . 

From this it follows, by the theorem of Article 17, 
that. 

About the particle whose original ordinate was x, the 
elastic pressure of the air upon a unit of surface, estimated 

as in Article 12, is IT x y^^ , or if '• jD x ( 1 - -^ J ; 
or, still neglecting the higher powers of -^ - , 

dX' 



n = JI'.2>x(l-^V^|). 



The same formula, when applied to a particle whose 
original ordinate was x + k, gives this result, 

About the particle whose original ordinate was x + Je, 
the elastic pressure of the air upon a unit of surface is 

Jl'=H'.D-H:D.N'i- 

dx 



dj^ 



dx'1.2 



-&c. 



The niass of air included between these two particles, 
talcing a tube whose section is I, is Bk ; and the pres- 
siUB urging it forward is 11 — II' or 



ax ax 



-, 4- &c. 



Heoce, remarking that in Article 12 all our pressures 
are estimated by weights, we have for the motion of the 
included air*. 



• When a body whoae Beight ia W falls freely under the actio 
gravity, it it in fact s maes W (estimated in conformity with the i 
of Artiula ii) whose motion is affected by a ptespure W (estimate 
Donfonoity with the rules of the same article). lu this instance, (u 
know, the increase of Telocity downwards produced in the uni 
time ia g. Hence wa 'ba.ye, in thU tate. 

Increase of velocity jn the direction of the _ Preaaiire 
force, produced in tho unit of time Mass ^' 

Therefore u, by the underatoDd Uwa afiuoti 
pTexauTB directly and as uoaB inversely, we at 



I, velocity produced ie 
.1 have in every auc 



J 



WAVES OF AIR IN A TUBE. 31 

But X is independent of t, so that -777 = 0. Taking 

CUT 

the rest on the supposition that k is made indefinitely 
small, 

Or, putting ^ for the thermometer-factor in Article 17, 
and n* for N, 



Increase of velocity in the direction of the ) _ Preiwure 

force, produced in the uuit of tiiue ) Mum ' 

provided that the pressures and nuunes are estimated as in Article 1 2. 

ti. V 

Now, if X be the variable ordinate in the direction of motion, ! , 

XV 1- -i. t increase of ordinate . ^, ... ... .. .. « 

or the limit of — . ^- . . is the velocity; and the limit of 

mcrease of time 

increase of velocity , , . , - , . -^ • xu 

— ; — -. — - (which for such a force as gravity is the same as 

increase of time 

increase of velocity produced in the unit of time) is 

d . velocity d^X 

dt • ^' "dF- 

Hence our equation becomes 

tPjy __ Pressare 
■5^"" Mass" ''^* 

We shall often have occasion to use this equation. 



2^, The equation is independent of Local Gravity. 

The factor gS is purely an atmospheric element. 
For it will be remarked iu Article 12 that, in applyiag 
measures to a gives state of air, D is independent of the 
gravity at the place of experiment, but P is inversely as 
the gravity; and therefore, as P=H .D, R ia inversely 
as the gravity. Hence, wherever the experiraenta are 
made, gH is invariable. We shall piit for it the 
symbol a'. Now at Paris where the weights of air, &c. 
were determined, the length of the seconds pendulum 
= 39'12877 inches {EncycloptFdia Metropolitana., ' Figure 
of Earth; section 8), whence 17 = 32-18212 feet In 
Article 8 we have found ir = 26087'6 feet Using 
the English foot as the unit of length and the mean 
solar second as the unit of time, 

a=V^= 916-2722. 

Our partial differential equation now is 






, <rx 

dx' ' 



In the observed phEenomena of sound we have very 
strong reason for believing that n does not depend on 
the nature of the motion of the particles of air; Vjut 
we have no means of knowing how it may depend on 
the temperature of the air. In any case it may be 
combined with i9 to form one factor. We shall in cal- 
culation consider n constant and equal to 1-2. 
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23. General Solution of the Equation. 

The general solution of the equation above (see the 
Antbor'8 Elementary Treatise on, Partial Differential 
Equations, Article 35, making a = 0), is 

X= ^ {n6a . ( - a;) + ^ {n&a .t + x), 
where the forms of the functiona and ifr are abso- 
lutely undetermined by the theory of the solution, and arc 
to be determined so as to answer to the physical con- 
ditions which are to be satisfied. Thus the solution 
admits of infinite variety. If we suppose 

Z=mx ()t^a.i-a:) + mx (n^a.( + a:), 
or=2mn^a.*, 
we have simply a uniform current through the tube, 
with equal velocity for all the particles. If 

A'= — inx {n6a. t — x)+my. {n6a. l + x), 
or = 2»w, 
so that the original ordinate x is changed into x + X 
OTX + Zmx, we have the air in a quiescent state, with 
the original intervals of its particles multiplied by 
1 + 2in, denoting a uniformly increased or diminished 
density throughout the tube, and implying that the 
ends of the tube ai'e stopped. With second or higher 
powers, we should have movements produced by vari- 
able densities. But, for our Theory of Sound, we shall 
most frequently treat each of the functions in a general 
form. 



^ 



24. One term of the solution indicates a Wave 
travelling Forwards ; the velocity is independent of tlie 
character of the wave. 



So far as depends on tlie function (nda.t — x), 
whatever may be the form of <^, the following property 
holda. Suppose ( increased by (' ; and consider the 
state (at that increased time) of a particle whose original 
ordinate was x + »6a.t'. In the function, for ( nub- 
Btitute t + 1', and for x substitute x + nSa . t'. Then the 
value of X bacomea tf> {nBa . t + tiOa .t'—x — n&a . ^), 
or ^ (nSa.t^x) ; which is exactly the same value aa 
that for the particle x at the time t. That is, if we 
consider the motion of a point whose quiescent ordinate 
was x' OT x + n0a.t', we find that, at the end of the 
time t + t', its displacement is exactly the same as was 
the displacement of a point whoae quiescent ordinate 
was X, at the end of the time t only. That is, if we 
increase the time, we may find certain particles in the 
same state of disturbance as the first particles at the 
first time, but we must go to a larger value of x in 
order to find these disturbed particles, This is exactly 
the characteristic of a wave. And since it appears that, 
upon increasing the time by t', we must go to a value of 
fc increased by n6a . t', it follows that the velocity of 
the wave is nSa, or nS x 9162722 feet per second. 

It is important to observe that this result is entirely 
independent of the character of the wave. It may be 
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short ' 



a single wave, syrarnetriciJ in its beginniag and eading ; 
it may be unBymmetrica! ; it may be a series of short 
waves, similai' or dissimilar; it may be a series of long 
waves ; the espreasiou for displacement may be multi- 
plied by a coefficient ; or there may be any other con- 
ceivable variation ; in all cases the resnlt for velocity is 
the same. Wo shall see hereafter (Articles 71, 72, and 
87), that the pilch of sound depends on the frequency 
of waves, and therefore on their length ; and the quality 
depends on the form of the function. Thus it appears 
that in theory (as was remarked experimentally in 
Article 2) sounds of different pitch and quality travel 
with the same velocity. 



25. The otiier term reprj'sents n Wave travelUnj 
Bachia:irds. 

But the general solution contains also the function 
'^{n,6a.t-\-x). Here, to reproduce the same value of 
the function, if we increase t by t', we must diminish x 
by n6a . ('. This evidently means that the terra repre- 
sents a wave whose motion is in the direction opposite 
to the measure of x. So that the complote solution of 
the differential equation represents two waves, moving 
in opposite directions, and coexisting; the complete 
value of the disturbance X being the algebraic sum of 
the disturbances corresponding separately to the two 1 

separate waves. In treating of the disturbance of air I 



in musical pipes, we shall find it necessai-y hereafter to 
take into account the two waves as simultaneously 
existing ; but for the present, in treating of the direct 
transmission of sound, we require only one function 
or wave, X = if> {nda .t — x). 

26. The differential equation, of Article 21 being 
linear, if any number of different solutions be found, the 
sum of these solutions will also be a solution : this indi- 
cates the possibility of coexistent of waves, each of which 
singly is possible: but the theorem does not apply when 
the equation contain^s higlier powers of the differential 



Suppose that, having 


the equation -j-j- = 




ohtain the solutions X = 


A,l = B,X=C,&c., where 


A, B, C, &c are explicit functions of t and 


:c. This 


means that the following equations are true ; 






.<eA 






_ i?B 




W 


.d^O 

fa, 




and therefore, adding all 


together. 




(i'(^+-B4C+fc.) 


,.?(^ + S+0 + 


te). 
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wbicb is the same as the original equation, putting 
A + B+G + &C. in the place of X. Oonaequently 
A+B + 0+&C. is a solution of the equation. But A, 
B, &c., in the instances of Articles 24 and 25, represent 
difTerent waves. It appears ttierefore that we may have 
a conibiiiatioa of different waves, each of which might 
exist alone : the cliai-acteristtc of the combination being 
this, that the displacement X or A + B+ G ia the com- 
bioatioQ will be the algebraic sum of all the displace- 
ments in the separate waves. It ia evident that this 
result is not confined to the equation of Article 21, but 
that it applies to all equations m which 



^ dx dx ifx (Tx <rx 



&&, 



dt' dj' dC ' dxdA' 
enter only to the first power. 

But if we had such an equation na 

-de=\-di)- 

and if we had found solutions A, B, &c., so that 
d^A fdAV 



d^A fdA\* 

de^'^Kdi)' 






and if we add these together, 



J(^+-B+fa.) 
if 



^ 



But this is vot the same as tlie original equation, 
putting A+B + &C. ia the place of X ; for tliat would 
have required 



d!' (A +B + &>•-.) ^^(dA dB 
df \dx dx 



+ &C.) 



which is a different eqaatioa. Hence the conclusions 
above stated, regarding the sum of solutions and the 
combination of waves, do not hold here. 



27. Plane Wave in Air of Three Bimensitms, 

If we have a great number of pipes aide by side, 
with waves of similar character passing simultaneously 
through all, so that, measuring x from a plane which is 
normal to all the pipes, the value of X in every pipe. is 
repreaented by the same form and same coefficients of 
the function {nBa .t — x), the collateral condensations 
and pressures of air in the adjacent pipes will be the 
same, and there will be no tendency of the air in one 
pipe to press sideways into another pipe. "We may 
therefore remove the material boundaries of these pipes ; 
and then we have air, extended in three dimensions, 
through which passes a wave whose front is a plane, 
that is, in which all the points of similar motion and 
similar density are always in one plane. We shall not 
liere delay longer on this subject, as it will be here- 
after treated, perhaps more conveniently, by the gene- 
ral process of the " characteristic function." 
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28. Limitatioiia on the form of the Functions in the 
Solidion. 



We shall now allude to the limitatioiiB on the form 
of the functions <f> and \/r. For convenience we shall 
frequently put ft for nffai + x, and v for n^al — a; : ao 
that the expression for A' is 

Now in the Partial Differential Equations, Articles 
23 and 32, it appears that, as regards the mere algebrai- 
cal solution of the partial differential equation, the form 
of the functions is absolutely unlimited ; they may be 
discontinuous in any way, without reference to any alge- 
braical formula, and with any degree of suddenness of 
change in the numerical value of ^, ^', ^", &c. But in 
the physical problem we are limited by the suppositions 
tacitly made in the investigation which produced the 
partial differential equation. First, then, confining our- 
selves to one function, there can be no numerical dis- 
continuity ia X or ij> (v). For, in forming 



dX 

dt' 



dX dv 

do 'dt' 



o dX 
or naa , —r- , 
dv 



.SX 



by the limit of -. - , a numerical discontinuity or sudden 

intemiption in the value of X would make hX finite 
while Su is indefinitely diminished : and therefore 



A 



dt 

vestigatioD in Article 21 would be entirely inapplic- 
able. Secondly, there can be no numerical disconti- 

nuity m ^ (.). For, in forming ^^- , or ^- (^-^^ j , or 

jiBa . -J- [n0a . -t- J , by the limit of nBa . " ? ■-, a dis- 
continuity or sudden interruption in the value of <}>' {v) 

d'X . 
would in like manner render -j^- infinite at that point ; 

that is to say, there would be infinite force, infinite con- 
densation of air, &c., all which is opposed to the ideas 
under which the investigation of Article 21 has been 
carried on. If, however, tjj (v) and ifi' (v) are free from 
discontinuity, then the effect of a numerical disconti- 
nuity in ip"(v) would be that at special values of v the 
magnitude of the forces, condensations, &c., would 
change suddenly ; but there does not appear to be any 
physical impossibility in this. H ^(v), <j>' (v), <p" {v), 
are free from numerical discontinuity, then there is no 
sudden change even in the magnitude of the force or 
condensation. We conclude, however, that it is suffi- 
cient that the two first terms, (v) and ^' {«), be free 
Irom numerical discontinuity. 



29. Forms proper fiit the Functimis representing 
Continuous Series of similar Waves. 

If we propose to represent a series of waves in which 
all the successive waves are exactly similar, the most 
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geoeml formula which we can adopt for ^ (c) is a func- 
tion of Biu V and cos v ; aod it' wo reject fractioual and 
negative powers of fiin v and cob v (which ib necessary 
in order tliat (ti), 0' («), 0"(f), &c. toay never be infi- 
nite, and that ^ (v) may never he ambiguous), that is, 
if we adopt only integral powera of sin v and cob v, we 
can always (see Article 74) give the following form to 
the function, 

A, . sin (Bo + C.) + A, . sin (2ftj + CJ + &o. 
which satisfies the conditiona of Article 28, 

The phacnomena of music will usually be referred 
to this scries : and, in most iustauces, to the first term 
alone. 



30. Introduction of tlie terms ' Untfth of wave,' 
' period of wave,' 'frequence/ of wave ;' relation between 
their values and tliat of tite ' velocity of waves ; ' reiiiarks 
on tJte ' amplitvde of idbratioit,' and its independence of 
the other quantitiea. 

The displacement X of a particle being represented, 
in a continuous series of waves, by the expression 

X = A,. sin (Bv + C,) + A, . sin (2Bv + 0,} + &c. 
upon making this maximum with respect to tp, and 
positive (or negative, only confining ourselves to one 
sign), we find a definite value V for v, defined by 
numerical values (in terms of A^, A^ &c., C„ (7,, &o.) 



of sin BFand cos^T". These correspond to only one 

value of SV lesa than 2Tr, but they correspond also 

to BV±2w, BV±iTr, &c. And upon substituting 

in the expression for X, they all give the same 

value, which is every where the niaximmn. Thus 

we find that the maximum recurs, and the general 

character of the wave recurs, when JBv is increased 

or diminished by Smir, or when v is increased or di- 

. , , , , 2mw 
mmished by — „- ■ 

T^ow V = n6a . t — X. Ifthen we confine our attention 
to the wave at a certain instant of time, that is, if 
we regard ( as constant; and if we survey the long 
series of waves, that is, if we contemplate the dis- 
placements and motions at that certain inatant, of 
different particles ; we find that when x is increased or 

diminished by an integer multiple of -^ (and at no 

other places) we come to particles in the same state of 
disturbance as that which was first considered. It is 

plain therefore that the 'length of a wave is -75-. 

But if we fix our attention on a certain particle, 
that is, if we regard x as constant ; and if we examine 
its state of disturbance at different times, that is, if 
we consider different values of t; we find that the 
same state of disturbance recurs when nSa.t is in- 
creased or diminished by an integer multiple -' 
or when t is increased or diminished by an integer 
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multiple of -g- — ■=. This quautity -^ — ^ '» evidently 

the interval in time between the passage of two buo 
cessive waves at the same point, and is therefore the 
'period of wave.' 

The ' frequency of wave,' or the number of waves 
th&t occur in the unit of time, is evidently - „ ' . 

The 'velocity of wave,' Article 24, ia n6a. There- 
fore, comparing the expressions above, we find, 

length of wave = period of wave x velocity of wave; 

velocity of wave 



Now in these expressions, the factors A^ and j4, &c. 

do not occur. If the formula for A' ia restricted to 

the first term ^, sin (Bv + 0,), A, does not enter at all 

into the determination of V; if there are other terms, 

A 
the quotients -j*, &c enter, but uot the absolute values 

of A^, A,, &c. Thus the theorems just found are 
independent of A^, A^ &c. But the ' amplitude of 

vibration,' or maximum range in the amount of X, does 
depend on the absolute values of A^, A^, &c. ; when the 
formula for X contains only one tenn, the amplitude 
is 2-4,. Thus it appears that the amplitude {on one 
hand) and the length, period, frequency, and velocity 
of wave (on the other hand) are perfectly independent. 



1 
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31. The Solitary Wave, and Functions proper to 
represent it; and Interpretation of their effect. 



It is important to examine the case of the Solitary 
Wave: a wave wliich has been created by a single 
disturbance that occupied a limited time and was 
followed by absolute quiescence. Its algebraical con- 
ditions will be the following ; — 

Till V has a certain value A, <f> (v) = 0. 

When V has a value included between A and A + B, 
<f> (d) is to have a real value. 

When the vidue of v exceeds A + B, <f> {v) = 0. 

The function <f> (w) must be such that in no part 
there be numorica! discontinuity in the values 
oi <f> (v) a.nd oi ^' (v). 

When t' = jl, and also when v = A-]-B; 4> (v) and 
ij}' («), depending on that form of the function 
which applies from v = A to v = A-\-B, must = ; 
inasmuch as the values of if> (v) aud tft {v), before 
v = A and after v — A+B, are = ; and nu- 
merical discontinuity is to be avoided. 

Functions can be found, in infinite variety of 
form, which satisfy these conditions. For instance, 

.<^ (v), from AtoA+B,= C.{v-Ay.{A + B 



J 



= B.m'7,(.-J) 
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if) [v), from AUiA + B, 
Sir 



' JJ 



(i-A). 



In the second form, Newton has expressly remarked 
that the wave may be solitary. 

The functions just exhibited possess this property, 
that the value of X, beginning from when v = A, 
becomes a real value, which increases, and again de- 
creases, till it is again when v = A+B; that is, 
the particle returns to its original place. But in some 
cases (as on the explosion of guupowder) it is desirable 
to have a form of function which will shew that the 
particle, after undergoing tlie wave-diaturbance, is left 
in a place more advanced than the original. Such 
functions as the following satisfy that condition, re- 
taining also the other conditions of freedom from nu- 
merical discontinuity : — 



B.fsin^liv-A); 



B value of the integral commencing from v = A, and 
the function expressed by the integral being used for 
the value of X from v = A to v= A + B, after which 
the value of X is to be constant, and is to be that given 
by the definite integral fi'om v = A to v = A + B. 



If 3 = J J j5 , the function e' and its 

v — A A + B — v 

integral satisfy the terminal equations to any order 

of differentials. 

The prpcise form and extent of application of the 
functions must be determined from consideration of 
the initial circumstances. (See the Partial Differential 
Equations, Article 53, &c.) Suppose that the impulse 
which generates the wave is given t-o the particle where 
31 = 0. For that particle, ?j, or n6a .t — x,i& =n0a,t. 
Therefore, knowing the displacement of that particle 
for a sufficient number of values of ( or of n0a . (, we 
can express it as a function <}> (algebraical or merely 
numerical) of nSa.t, so that X„= ^ (nfla.()- Then, 
at every other point, X=tf) (nBa . t — x), with the same 
form of 0. The interpretation of this, subject to the 
conditions at the beginning of this Article, will best 
be given by examinations referriiig to two considera- 
tions. 

First, what is the state of all the particles at a 
certain time t? At that time, v=nda.T~x, or x 
= nBa.T—v; where v = A, x = n8a.T~A; where » 
= A-{-B,x^ nOa .t-A-B. Thus the conditions (be- 
ginning with the third) are these : — 

For the particles where a; is less than nOa .t —A— B, 
there is no displacement. 

For the particles where a; is greater than ?j.Sa,T~-.i — 
and less than nda .t~A, there is displacement. 
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For tlie particles where x is greater than nda .t — A, 

there is no displacemeut. 
Second, what is the movement of the one particle 
whose original ordinate is f ? For that pai-ticle, 

= — r^; whenw = jl, < — — ^: 
n0a 

^4 + BjiJ 

nSa 



V = nBa . ( — f , or f = 
when v = A+B, t^ 



Thus the conditions (beginning with the first) become 
these : — 

Till the time = _ , tlie particle is not displaced. 



From the time — ^ 1 
noa 

particle is displaced. 



A+B+i 



L After the time ^ — -, the particle is not dis- 
placed. 

These two exhibitions give a complete account in an 
intelligible form of the meaning of the discontinuous 

function. 



32. Formation of the Equation when small quanti- 
ties are not neglected, and appivxiviate Solution. 

In Article 21, the investigation was completed by 
neglecting the powers of ~J- above the first. In the 
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present Article, we shall treat of the solution when 
superior powers are taken into account. For the reasons 
mentioned in Article 26, we must confine ourselves to a 
single wave. The accurate solution is by no means 
easy. We would refer our readers to a paper hy Mr 
Eamshaw, in the Philosophical Transactions, 1860, where 
the solution is exhibited by an elimination between two 
functions which cannot he effected in a general form. 
The process which we shall use here is the more cum- 
brous one of successive substitution. 



The equation obtained in Article 21, retaining all 
powers, but omitting for convenience the symbols n'^, 
and remembering that gB= a', is 



d^^ , d (dX _ /dX\' 
df ' di:\dx \_dxj 






'[da:) ' 



&C.^ 



To transform this into an equation in which the 
independent variables are w =at + x and v^at — ar, we 
shall use the process in the Partial Differential Eqtia- 
tions. Article 35. This makes 



de 



djf ' da.dv' 



Also -;— , whatever W may be, is = -i- — 
dx du 

the equation, divided by 4a', becomes 
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(fX Ifd d\ (/dX_dXV 

du.dv 4i\du dv) \ \du dvj 



-ff-S^H^ 



or, more conveniently, 



•^^1 /d _ d\ (fdX^dXy 

,da 4^\dv du) }\dv duj 



\dv duJ ) 



We shall now proceed with the successive steps of 
solution. 



First step. Neglect all the terms on the right hand. 

d^X 
Then -^ — -.- = 0; JT (see Partial Differential Equations, 

Article 30) = ^ (r) ^-^Jr (m). As we propose to consider 
only a wave travelling in the direction of x increasing, 
Article 24 of this treatise, we shall neglect the second 
function, and adopt X = (f> (v). 

Second step. Substitute the value (f> (v) for X in 
the first term on the right hand, and we have, since 






^-j(r.-^)i*'wi'-Lii*'«)' 



^X 
dv 

E 
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Integrating with respect to v, 



Integrating with respect to u, 

X=^(i,)+^(u)+iM{f («)}•. 

As before, we shall neglect yfr (u), and thus we have 

X=<f,{v) + lu{,l>'{v)Y. 



Third step. Substitute the value just found for X 
in the first term on the right hand, and the value ^ (v) 
in the second term. We shall have within the right- 
hand bracket the quantity f-i -t— J , 

or [f («) + 1 « . f (v) . r {v) - 1 {<!>' {v)YY, 

or {./.' {v)Y + « . {f {v)Y. <!>" (v)-l. {f {v)\'. 

Also we have (-^ -,— J or {^' (v)}'. 

The sum, or the whole quantity within the bracket, 
is 

{<^' {v)Y +u . {f {v)Y . <(>" {") +1 {f {v)Y- 
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Affecting this with the external operation 



\dv ~du) ' 



it becomes 






Integrating with respect to v, 



Integrating with respect to u, 

e2 
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Or^ neglecting '^ (u), and restoring t and x^ 

+ ^^i±^{<l>' {at - a:)}*, f {at - a?). 

When we are considering the state of a solitary wave 
at a great distance from the origin, v or {at — x), which 
(see Article 31) is limited within the value B, may be 
considered very small with regard to x\ and in the fac- 
tors of the small terms, for at + x or 2a? + {at — x) we 
may put 2a?; and we have 



a? 



^:=^<f>{at-x) + ^{(t>'{at^x)] 



+ S{f(a^-^)F 



+ %[<!>' {at '•x)}\f {at- x), 



This degree of approximation will suflSce for our 
present purposes. 
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33. Pi-ogressive Change iit the CItaracter of th« 
Wave. 

It is seen here that the law of dispIacemeDt of the 
particles undergoes change as the wave travels on. The 
original function receives the aildition of new functions, 
which are affected with multipliers depending on the 
distance of the disturbed point from tlie origin of the 
disturbance. Supposing that we assume the terms at 
which we have arrived in the last Article to suffice for 
our information of what happens when the wave has 
travelled through a considerable but not an enormous 
distance, we may interpret their effect thus: 

'£< 

nience we will put v' for v — A, or 



which is when v' = 0, is + from v' = to i; 

when v =-T-,is — from v =-k to «' = B, and is when 
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it vanishes, is - till w' = „ ■when it i 



it 18 maxunum +. 



Therefore the formula of Article 32 will give the fol- 
lowing aa shewing the nature of the principal alterations 
in the values of X; 

when v' = 0, X = ^(v); 

when «'=-., X = <^ (u) + two positive terms; one 
depending on !>", the 
other on J/. 



when V 



X=i.{v); 



5B 



when v' = -J- , X= <fi{v) +0. positive terra depending 
on If — a, very small 
positive term depending 
on /)". 

when v =S, X= ^ (»). 



The last very small term of the formula, which 
vanishes at these five critical points, lias between them 
values which are successively H \-. 

Bemarking that the changes in the value of w and 
v' have the same sign aa those of (, so that the smallest 
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value of t»' corresponds to the begiuoing of the displace- 
ment of a particle, it will be seen that, io the state of 
the far-advanced wave, 

The first part of the forward displacement is more 

rapid than in the primitive wave. 
The latter part also ia more forward, or the retreat 
is slower, than in the primitive wave. 
' These peculiarities increase with increase of/). 

In these points, the motioD of a wave of air is 
closely analogous to that of a wave of water when its ver- 
tical movement is large and it runs for a considerable 
distance over a shallow bottom. See the Enc^ctopaidia 
Metrojmlitana, Article, Tidea ami Waves, Section IV,, 
Subsection 3. 

34. Conjectured Cltan(je of Cliaractei- of Wave when 
it has travelled very far. 

It is difficult to say what will be the form of the 
wave when at + x is very large. It would be neces- 
sary to carry on the steps of the siiccessive substitution 
to an indefinite extent, or rather, to find a fimction 
which woTild represent the infinite series thus produced. 
. It appears not improbable that at length the continuity 
of the atmospheric particles may be destroyed, and that 
something m.iy take place analogous to the bore of a 
tidal river or the surf of a sea, in which the form and 
properties of a wave are ultimately lost. {This idea is 
also suggested by Mr Eamahaw.) 



Investigation of the motion of a Wave of Aie 

thkough the atmosphere considered as of 
two ok three disliinsions. 

34*. Outline of the method to he employed; and 
cautiana requiring attention in regard to the order of 
terviB to be rejected. 

The method of fonning the equations of motion 
will be precisely the same, in principle, as that in the 
instance of air in a tube. Article 21. A symbolical 
displacement of particles, the most general which the 
circumstances permit, will be assumed ; the symbolical 
density, and elastic force, and differences of elastic force 
in different directions, will be found; and these will he 
compared with the symbolical expreasiona for changes of 
velocity which they produce in different directions. 

But care is peculiarly necessary, in consequence of 
the obscurity of the process treating of small terras of 
a higher order than those which we wish to preserve. 
In Article 21, we could perceive exactly the form and 
value of the terms which we rejected: here we can 
only draw inferences from general reasoning. These 
inferences, however, will enable ua to judge with cer- 
tainty whether a small quantity before us is of the 
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first order or of a higher order. And it will be seen 
that quaotitids of an order which we muBt retain in 
one part of the process may be rejected id anuther 
part. For instance: the elasticity which dctermiiies 
the motion of a small volume of air is not the absolute 
elasticity in that volume, but the difference between 
the elasticity in front and that in rear; and this 
difference is a small quantity of a higher order than 
the principal term ; but the motion depends entirely 
on it, and it must be carefully retained. But the 
ma^ of matter in that volume, to be moved by the 
differential elasticity, is not the difference between two 
masses, but is the entire mass in the volume; the 
difference of the densities in front and in rear is un- 
important, and may be wholly rejected. Thus it will be 
seen that continued attention is necessary for judging 
on the import of the terms which it is proposed to 
reject, and on their value as compared with those 
which it is proposed to retain. 

33, Investigation of the Elastic Force at any point 
of the disturbed Air. 

Let X, y, z, be the ordinatea of a particle in a tran- 
quil state ; a: + JC, y + 1^. « + ^, the ordinates of the same 
particle in its disturbed state at the time t. Conceive 
seven neighbouriog particles forming with the first, in 
the quiescent etate, a rectangular parallelepiped; two 
bounding planes being defined by the ordinates x and 
x-\-h, two by the ordinates y and y-\-k, and two by the 



y 
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ordinates z and z •\-l. Confining our attention for a 
moment to the four particles in a plane parallel to xy, 
with ordinate z ; their original ordinates, and their dis- 
turbed ordinates at the time t, parallel to that plane, will 
be as follows : 



.Ordinates in the quiescent state, 

1st point, a?, y\ 

2nd point, a?, y + fc; 

3rd point, 3? + A, y\ 

4th point, a? + A, y + A?; 

Ordinates in the disturbed state, 
a? + X, y + i"; 



And if, for the disturbed state, we subtract the ordi- 
nates of the 1st point from those of 2nd, 3rd, 4th, we 
have (see Figure 9), 
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Ordinates relative to the 1st point, 
2nd point, ^ i, * + ^J*; 

3rd point. A + ^A. ^]- A; 

M.-i . ^ , dX J dX J y dY J dY J 
4th point, A + 7J-A+ j-*> ^■^'T/'" *"*"7r 



It appears from these that the projections on the 
plane a?y, of the four points which were at the angles of 
a parallelogram, are now at the angles of a lozenge. 
The ordinates of 1st and 2nd points in the direction of 
X are not now equal, and those of 1st and 3rd in the 
direction of y are not now equal Let the new distance 
from 1st point to 2nd be p, making the angle ^ with y ; 
and that from 1st to 3rd be j, making the angle ^ ^^^^ 
X. Then 

j) . sin ^ = -^ A:, p.coB^=^k-\- -j- h, 

dY J , . dX J 

The area of the lozenge 

=^j . sin (90" - <^ - x) 

=pq . cos <f> . cos X (1 — *^^ ^ • *^^ x) 
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But tan is a small quantity containing the multiplier 
-^ , and tan ^ contains -j- , and their product is there- 
fore a small quantity of the second order. In our for- 
mula we have not included other terms of the second 
order, and we must therefore reject this product. Hence 
the area of the projected lozenge, to the first order of 
terms depending on X and Y, is 



-(-S(^-f)- 



Now consider the four points whose ordinates were 
z + l. Upon treating these in the same way, it will be 
found that at the time ( the value of the ordinate of 
each, parallel to z, is greater than the value'of the simi- 
lar ordinate of the corresponding point among tliose 

whose ordinate was e, hy I (l+ -j-j • To find the 

soUd content of the rhomb, put r for that edge of the 
riiomb which is neai'ly parallel to z, s for the small 
angle which it makes with z, 90° — ( for its inclination to 
the lower surface of the rhomb, u for the area of that 
lower surface, and v for its inclination to the plane xy. 
The sohd content of the rhomb is rigorously = r.u. cos (. 

Now r. cos a = projection of t upon z = l(l-\-~^\; 

4r 



isJj=projection of u upon a;^= 7/^(1 + ~,~)[^ 



J 
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Putting equivalents for the cosines, wc find 



l-28in'^ 



r.«.cos( = ■ ■ ' 

(l-2.m-l)(l-2™-|) 

Now s, (, and v, would bavo had no existence if the 
air had not been disturbed, and are produced by the 
disturbance. They are therefore small quantities of 
the same order as the disturbance. Cousequently 

Bin s , 811 5 . aid sin' ; 

small quantities, and, 

1, are to be rejected. 

first order, and, where they are associated with 1, are 
to be retained. And, finally, we obtain for the solid 
content of the rhomb, 

or, omitting products to the second and higher orders of 
dX dY d^ 
dx' di/' dz' 

dx"* 



, are of the second order of 

where they are associated with 

„ ^ dX dY dZ , ^, 

But -r , T- , T-, are of the 
dx ai/ dz 



U-i 1 + '^ + 



+ &)■ 



i3^ 



But the quantity of air at density D, which did 
occupy the parallelopiped hkl, does now with density A 
occupy the rhomb 

^^_^/j dX ^dY dZ\ 
\ dx dy dz/ ' 



dX 



dY dZ\ 
dy dz) 



which, omitting powers and products of the second and 
higher orders, gives 





dX dY dZ\ 




dx dy dz)' 


as in Article 


12, 


n = i7Z)(l 


dX dY dZ 
dc dy dz 



4 



This is the elastic pressure about the point whose 
original ordinates were x, y, z. 



36. Formation oftlis Equations of Motion. 

In treating of the motions of the particles of air 
with reference to rectangular co-ordinates, it is neces- 
sary to express the forces which act upon small masses 
of air with reference to those co-ordinates; and therefore, 
as the elastic force of one portion of the air acts upon 
the adjacent portion of the air only in a direction nor- 
mal to the separatiug surface, we must use separating 
surfaces parallel to the co-ordinate planes. The surfaces 
of the lozenge of which we have treated in tlie last 
Article are not parallel to the co-ordinate planes, and 
that lozenge therefore will not suit our present purpose. 
But we can find original values of the three ordinatcs 
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(a? + m, y + n, « + p) of a particle, which particle, at the 
time t, will have the same values of x and y as the par- 
ticle whose original ordinates were x, y, z. It is evi- 
dent that if this is done, the two particles so found 
will, at the time t, be separated exactly in the direc- 
tion of z ; the line joining them will be the arfete of a 
parallelepiped whose surfaces are then parallel to the 
co-ordinate planes ; and the equations of motion can be 
correctly applied from knowledge of the elastic forces 
corresponding to those particles. 

Now, for the particle x, y, z^ at time f, x is changed 
into x + Xy and y is changed into y + Y. 

And, for the particle a? + m, y + n, z+p, at time t, 
ar + m is changed into 

,. dX dX dX 
ax ay dz ^ 

y + w is changed into 

^ dY dY dY 

Hence we must have 

XT -«- /^ dX\ dX dX 

dX , dY 

whence in = — -j—p, and n = — ■, p, ucaily. 
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Hence, to compare the pressures at two points of the 
air, which at the time t are separated precisely in the 
direction of s, we ought to take for the original ordi- 
nates of the second point, 



^.Y 



dY 
7P' y-d^P' 



^+?; 



and for 11' the pressure, at the time (, about the particle 
which haa come from that second point, we ought to 
take 

dU dX dn dY dU 



n- 



dx- 



But the factors —r- and -r- a 
dz dz 



dy' dz" dz''-' 

s small quantities, 

depending on the extent of motion of the particles. 
And thus, when, to find the pressure which urges the 
mass of matter forward, we form 11 — 11', we shall 
obtain three terms, of which two are smaller than the 



third, and which. 



L fact, combined with —. — and — ,- , 
dn 



produce quantities of the second order of the particles' 
motion. We may then neglect them in comparison 
with the larger term ; and thus we have, 

- dz^- 

The excess of pressure 11 — 11' acts on the base of 
the rhomb in Article 35, whose area projected on the 



n-n'=- 



plane xy la there found 
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and tbereforo the whole excess of pressure urging the 

rhomb in the direction z is 



(n 



• n')U(i + 



3(-f) 



'Mj) 1 + 



(-f)- 



s found in Article 35 to be 



dz dt\dx ay as J 



And p in this investigation is the same t 
35. 



. I in Article 
1 external 



AIbo, the retention of ~ and -;- in 
ax dy 

factor would retain terms of the next higher order, 

which in the formation of 11 we have rejected ; and 

therefore they must not be kept here. Thus we obtain 

for excess of pressure in direction z, 

HDhkl — f"— -^'" ^-\ 

' ds \dx dy dz j' 

And the mass to be moved is Dhkl, 

Hence, by the usual laws of mechanics (Article 21, 
DOte), all our densities and pressures being estimated by 
weights (Article 12), and omitting every consideration 
of temperature. 




te(z+z ) 



=^^i(l 



__ d (dX dY 



or, as z does not depend on t, and gH =a^, 

^Z , d idX dY dZ\ 
dzj- 



Similarly 



d fdj^ dY 
'Iz \dx d}i 

dT , d IdX dY _ dZ\ 



dy \dx dy 



de ~ 



,d_(dX dY dZ\ 
dj>\djc dy dz J 



These three equations express the relation of the 
motion of the air to the forces producing the motion, in 
all the directions in which motion can be conceived. 
They are therefore abeolutely sufficient; and no other 
equation can be introduced, except as equivalent to or 
deduced from these three. 



37. IntroducHon of the Characteristic Function F. 

The solution of those equations is in many oases 
facilitated by the use of a very peculiar Characteristic 
Function, for which we shall always use the letter F. 
J" is a function of x, y, b, and i. We cannot in all 
cases find a form of F which shall correspond to an 
assumed form of solution ; but, if we assume the prin- 
cipal characters of a form of F, we can in all cases find 
the differential equations leading to a solution ; and by 
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careful choice of the form, we can usually find solutions 
possessing the characteristics that we desire. 

The definition of the form of ^ is contained in these 
assumptions : 

dF dX dF dY dF dZ 
dx dt * dy dt ' dz dt ' 

Differentiating, 

d'F d'X d'F d'Y d'F d'Z 
da? dt .dx' d\^ dt.dy' dz^ dt .dz ' 

Therefore, 

d*F ^d^F ^d^F d (dX dY dZ\ 
daf dtf* dz* dt\dx dy dz)' 

Now (Ai-ticle 36), 
d*X 



d^ 



, d (dX dY dZ\ 

^"d^Kd^'^d^^Tz)' 



but since -17 = -r- , this is changed to 
at dx 

d^F ^^, d fdX dY dZ\ 
dx,dt dx\dx dy dz) 

Integrating with respect to a?, 



,(dXdYdZ^ ..\ 



¥"1 
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Differentiating with respect to t, 
.dfdX dY dZ\ 



de~ 



CJ=„.f^+^^+^) + ,.M, 



de~ 



\dj? di/' dz" 



which is the form of equation now to be used. The 
function ^'{t) can only produce, in the solution, a func- 
tion of t, which will vanish in forming -j- , &c. : it may 
be omitted without loss of generality. 



"We should have arrived at the same final result if 
FY (£Z 
■ df ^'^ df ■ 



we had proceeded in the last step from - 



38. Inferences from t 
has been found. 



'. value of F when its form 



In Article 3 



, the density of air at any point ii 



.(: 



dX_dY_dZ\ 
dx dy dz I 



-{-^■f->} 



CThe existence of terms dependent on t only would 
imply some general and simultaneous alteration of the 
density of ait in every part of the 



= i 
J 
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this ia not consistent with our physical assumptions, we 
must always suppose Fto be so taken that x (0 ^ ^o* 
required. With this notice, we shall abandon that func- 
tion, and we have 



Density - 2) (l- I. f) 



The motions of a 


V a' at / 
particle are found by 


the first 


1 assumptions, 






; 


dX dF 
dt dx' 


dV dF 

dt dy 


dZ dF 
dt dz' 


1 


The disturbed places of the 


particle, are 


found by 


integrating these ; or 








-Hfl-' 




-/,f- 




' These expressions 


aa may be 


expected, go 


through 



39. Application to a plane wave of air. 

The equation to a plane is, 

Kormal from origin of co-ordinates 

= x .cosa + y. COS ff +z. cos y ; 
where a, /3, 7 are constant angles, subject to the con- 
dition cos' a. + C03' + cos' 7=1. It seems likely there- 
fore that our object will be gained by supposing J^to be 
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a function of the normal OJ.cosa + y . cos^ + «. CO87. 
Call this normal w. Then 

dF_dF dw_ dF ^ 

dx^ dw' dx" ' dw* 



and 



^=^ /^\ ^ d^ /dF\ dw 
do? dx\dx) dw\dxj' dx 



d / dF\ , d'F 

= jT- cos a . -7— . cos a ^ cos* a .-7-^ . 
dw V dwj dvf 



Similarly 



^F ^^ d^F d^F ^ d^F 
^, = cos/3.^; ^ = cos7.^. 

And ' 

da^'^d/'^dz' dtif' 

Hence the equation of Article 37 becomes 

d'F_ ^(TF 
df^dw'' 

whose solution is 

F==<l>{at-w) + '>lt(at + w), 

= <^ (a^ — a? . cos a — y . cos )9 — « . cos 7) 

+ -^ (a^ + 0? . cos a + y . cos )9 + « . cos 7), 

= ^ (a^ — normal) + -^ (a^ + normal). 
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Then, by Article 38, 

Density = 2) -jl <l> ((rf — normal) 

y^' {at + normal)!- ; 

dX dF ii/j. i\ 

-i-=-7- = — co8a.9 (o^ — normal) 

+ cos a . y^' (at + normal) ; 



X = <l> (at — normal) 



cosa , , . , ,. 

H y ((rf + normal) ; 

and similarly for Y and Z. 

Everything here depends on the value of the normal 
upon the plane 

ii; = a? . cos a + y . cos ^ + « . cos 7. 

This shews that the disturbance of every kind is the 
same through that plane; and the factors cos a, C08)9, 
GOs 7, in the expressions for X, Y, Z, shew that the 
movements of the particles in that plane are perpen- 
dicular to the plane. The first term exhibits a wave 
moving, so as to increase the normal, with velocity a ; 
and the second exhibits a wave diminishing the normal 
with the same velocity. 



' 7? ON 


m 

sotnro. 


^ 


1 


40, Combination of 
sources. 


tioo plane waves from, 


two 


Suppose that ^consists of two 


;Rrms G and H, of 


which G depends on 








lu = a; COS a + 


ycos^ + 


cosy, 




and H depends on 






J 


W=xcosa + 


yco.0~ 


z cos 7. 


■ 


We shaJl find, as in last Article 




■ 


^F (fG d'ff 


,fd'G 


"■dW")- 


^ 


which, in consequence of 


our assumptions as to the 


difference of form .of the two terms, will require 


the 


separate equations, 










d'ff 
df " 


,^ff 
dW 




Adopting the first wave only in 


each solution, 


and 


taking the same form of function, 






F=0-\-H=<^{at-a 


cos a - y 


cos /3-. cos 7) 




+ <j>{at 




- y cos ff-i-z easy). 

J 
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Therefore, by Article 38, 
Density = i? -1 1 — ^' (a^ — aj'cos a — y cos /8 — « cos 7) 

— if) (a^ — a?cosa — ycos/8 + i5COS7)j' ; 

dZ dF 

^ = ^ = — COS 7 . ^' (a< — a; cos a — y COS )8 — « cos 7) 

+ cos7.^' (a< — ajcosa — ycos/8 + «cos7) ; 



Z^ ^ (a^ — a; cos a — y cos /8 — « cos 7) 



, cos 7 , , rs K 

H ^ (a^ — a; cos a — y COS p + i5 cos 7). 



And, when « = 0, 

Density = i?Jl ^'(a^ -xcosa — ycos)8)[, 

dt "' 

z=o, 

-J- and -7- , however, do not vanish. 
at at 



It appears therefore that, if the plane xy were a 
material boundary of the air, the motions of the parti- 
cles of air would not be altered ; since it would permit 
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motion parallel to the plane, Emd there is no motion 
perpendicular to the plane. But the density of the air in 
contact is variable; and therefore, if the barrier com- 
pletely cuts off comraunicatiou with tranquil air on the 
other side, it must be a rigid barrier. 



41. Tneory of the simple echo. 

The number of solutions which the equations of 
Article 30 admit is infinite ; embracing not only differ- 
ent forma of function, as in Article 23, but also func- 
tions corresponding to -waves passing in any different 
directions in space of three dimensions, to converging 
waves, to diverging waves, &c. And any one or any 
combination of these functions, as need requires, may 
be considered aa admissible in quality of the 'undeter- 
mined functions' to which attention is called in the 
author's Fartial Differential Eqiiatiom. 

If now wo wish to ascertain the law of motion of a 
plane wave, we proceed as in Article 39, and we obtain 
a solution which shews that the wave preserves its 
plane character, moving with a certain velocity. And 
this solution is sufficient, aa long as we introduce no 
condition limiting the space occupied by the air, &c. 



But suppose that we introduce this condition, "The 
air is bounded by an immoveable barrier, constituting 
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tbe plane xij, and therefore requiring that Z always = 
when z = 0." Then our simple solution cannot be made 
to meet the condition; and we must introduce what is 
at present an 'undetermined function;' and we must 
determine it so that, when combined with the Bimple 
solution, it shall make Z= when z = 0. 



Since Z in the simple solution 



^^{at-xz' 



- y cos ^ — s cos 7), 



the external sign being derived, in the investigation of 
Article 39, from the sign of a within the bracket ; and 
since the value of ^ for a = becomes 



Knf- 



»ffl; 



it is quickly seen that, for the destruction of this term 
at all times and with every value of x and y, must be 
the same in the new term ; the factors of (, x, and y, 
must be the same ; the external factor must be the same 
but with different sign, and therefore the factor of z, with- 
in the bracket for the general value of Z, must be the 
i but with different sign ; and therefore we must 
add exactly the term added in Article 40. That term 
represents a wave precisely similar to the first wave, in 
law and extent of motion of particles, in velocity, and 
in inclination of its normal to x, y, and z ; but differ- 
ing in this respect, that the iucUnation of its normal to 
z is on the opposite side. And therefore, defining the 




direction of the wave's motion by that normal, the motion 
of the reflected wave and the motion of the incident 
wave make equal angles, but on opposite sides, with the 
normal to the immoveable barrier xy. This is in all 
respects the character of an Echo of Sound. 



42. Various ftyi'ms permissible in the expression 
definirig a plane wave of air. 

If, for simplicity of symbols, we suppose the plane 
of the wave to be parallel to the plane xy, and its 
motion to be in the direction z, it is easily seen that the 
equation 

will be satisfied by the assumption 

F=K.<f>{at~is), 
provided that if be a function not containing t or z, 
which satisfies the equation 






d3^' ' 



This troublesome equation (see the author's Partial 
IKfferential Equations, Articles 41 and 52) scarcely 
admits of inteUigibie solution except under specific 
assumptions. We may make 



K=C.xy + D, 
or K^C{a^-f)+D 
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or A' = e"*'. cos (nff + C) + D, 
or K= C'.log{x^ + y^+D, 

and thus we obtain, as solutions eiipresstng a plane 
-wave of air, 

F= [0. xs + D].4,{at-z); I 

F'-{C{3?-7/) + D].il>(at-i); 
F = {{•"". coa{nif+C') + J)]. <f>iat~z); 
F= {Clog (x' + f) +D\.<l>(at-z) ; 
&c.: 

and any combination of these with similar terms, or 
with terma depending on yjr (at + z). On perfonning the 
operations of Article 38, it will be seen that these forms 
imply motion of the particles in the three directions 
X, y, z, though the motion of tho wave is only in z. 

It does not appear that these forms have any appli- 
cation in nature. 



43. Remarks on the Partial Differential Equations 
vihioh occur in the investigations that next follow. 

We shall have to treat equations of the form 



'■ de ^ dt' "^ r ■ dr ' 



M 
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&c. 

The process however produces the same numbers as 
the last, and fails for the odd values of m. 



44. Symmetrical divergent wave, with motions of 
all particles parallel to one plane. 

Assume F to be R, a function of t and r only, where 
r s= V(y* + z^)' Then we have, 

dF ^ 
dx ' 

dF_dB dr_dR y 
dy^dr'dy" dr' Vl^" + s?) ' 

d*^^^ rfr y 

dtt df^'dy'^iy' + z') 

dR( 1 f \ 

drWiy' + z') {y'+z')J 

^dj'R f dR s? 

Similarly 

d^F_d^R z^ dR f 
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and the equation of Article 37 becomes 
1 d'ii ^B 1 dR 



3- ■:J?°'33+-' 



The solution of this equation has been exhibited 
anderthe form of the following definite integral; where 
is a new or fietittoua angle, introduced solely for the 
purpose of being the subject of integration; where the 
int^ration is to be taken from 5 = to 5 = tt ; and 
where S denotes the definite integral so taken : 

+ 5s . -f (»( + r cos 5) . log (r sin' 5) . 

■The solution may be verified without much trouble, 
remarking that differentiations with regard to t and r 
may be performed under the sign of integration with 
regard to 6. 



It is difficult to extract an intelligible result from this 
expression. If for r cos 5 we put r — 2j- sin' 5 or 

— 7- + 2r cos' = , we can expand in terms of m or « and 
of integrable functions of 6; but the series proceeds by 
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increasing powers of r, and 4s unfitted for great dis- 
tances. 

If we use the method of Article 43, we must make 



w = 1, w = - 2 ; 



and, supposing 



where each of the quantities -4 is a function of v or 
at — r, implying a diverging wave, the equation of 
Article 43 becomefe 






+ &C. 



= 0; 



from which each succeeding A is given by an integral of 
the preceding A, If we give to A the special form 
e . sin (bv + c), these successive integrals are easily ex- 
pressed; and the series converges with increasing values 
of r. The same is true if we take for A a function of 
w, such as e.sin(Jw-tc), which implies a converging 

wave ; here, however, as -r- = -4', the signs of A' must 

be changed. 
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45. Motion of the particles in this problem. 

By Article 38, 

dY dF dZ dF 
dt dy* dt dz' 

The velocity in the direction of radius 

^y ^4.? !^=y ^+^ ^. 

~' r' dt r' dt r' dy r'dz^ 
which, substituting the values in the beginning of last 
Article, is = ^ . The velocity perpendicular to radius, 
measured firom axis of y towards axis of z, 

_y dZ_z ^^JL ^«? ^=0 
" r' dt r' dt " r' dz r' dy 

This problem has no remarkable physical applica* 
tion. 

46. Divergent wave, with oscillation of the center of 
each divergent wave in the direction of z; all motions 
being parallel to the plane of yz. 

Assume jP to be = 5.«; jB being a function of t 
and r, or yj{y^ + z^). Then 

dF^ dR^ dR dr 
dy * dy dr ' dy 

dR y 
""" dr'^(f-^zy 

q2 
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^F_ cPR dr y 



dR( 1 y« ] 



d^B f dB £ 
' dr* ' r' dr V 



dF _ -p dJR 
dz dz 



Tf^ dR ■ z 



iJ + 



dR ^ 



dr'^i^-^^y 

d*F dR z 

dz* ~ dr'>J{ij' + s^ 



d'R z ^* 

rf5 ( 2g g* ] 



dr*'i' 



rfy dz* di* dr ' r ' 



., (PF d^R 
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Hence, remarking that -,— is 0. and therefore -7-3 

0, the eqnation of Article 37, or 
d^F ,/d-F (P. 






/d'E , 3 dir\ 
■'{dP*r-T.h 



To solve this equation, we shall refer to the process 
of Article 43. There we must mate ni = 3, which gives 

n = — 5 ; and, supposing the wave to diverge, or 5 to ' 

be a function of w or oi — r, the equation becomes 



.{^^-l-^B_,}r-< 



where each succeeding coefficient is deduced by an in- 
tegral of the preceding coefficient, Then B has the 
form 

and ^haa the form 



■'~^.z + &c. 
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dy 
^— .-J- (above), can be found; observing that 

dB^dB ^^_dB^_ 

dr dv ' dr dv 

And the velocity in 2 is 

r dr 

Hence the velocity in the direction of radius 

r' T ' d/r r\ r' dr) r dr ' 

and the displacement in the direction of radius 

And the velocity perpendicular to the radius 

r\ r' dr) r' r ' dr r ' 

47. Interpretation of the expression for radial dis- 
placement in this problem; the particles, originally in a 
circle whose center is the center of divergence, will ahvays 
he found in a circle of the same diameter whose center 
oscillates. 

Suppose that we measure from the center of the 
wave (or origin of co-ordinates), in the direction e, a 
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distance Q, a functiou of t and r, which will therefore 
bo the same at any given time for all particles in the 
circle whose original radius was r, but will vary with 
the time ; and let the distance of that point from the 
quiescent place of a particle under consideration be 
called r'. Then r'' = t/' + {2 - g)' = y' + s'-2jQ nearly 
= r*— 2zQ, whence 

r =r . 



The displacement of the particle in tbe direction of r ia 
Hence the disturbed value of r' ia 
K now we make 



we find 

Disturbed value of r. = Undisturbed value of r. 



That is to say, all the particles, which in the quiescent 
state were originally in a circle whose center was at the 
origin, will at tbe time t be found in a circle of the 



1 
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same diameter whose center has moved through the 
space 

rdR 



\Hl 



in the direction of z. Hence the wave will be of the 
character of "divergent wave with oscillation of the 
center of divergence in the direction of 2, the amount 
of oscillation being different for waves of different 
diameters." 

We leave to the student the investigation of the 
motion of each particle in the circumference of the 
circle to which it belongs. 

From this it will easily be understood that, if motion 
be begun in the form of a circle with oscillating center, 
it will be propagated in the form of a circle with 
oscillating center ; because the general formula ex- 
pressing disturbance must be such as will represent 
the special disturbance at the place of beginning of the 
disturbance, and only the formula that we have found 
will represent that special disturbance. 



48, Application of this theory to the vibration 0/ 
air produced by the vibration of musical strings. 



We shall hereafter see that the vibrations of a 
musical string may always be represented by the com- 



I '"l" 
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bination of vibrations of equal periods, one in one 
plane passing through the string, and the other in 
another plane passing through the string, at right angles 
to the former; and that in the simplest case they will 
be a vibration in one plane. Confining our attention 
to the simplest caso, and supposing z to be in the 
direction of the string's length, and s in the direction 
of vibration, and taking a plane yz at right angles to 
the wire, it is seen that, for determining the vibrations 
of air in that plana, we have precisely the case con- 
templated in the last sentence of last Article, namely, 
a motion begun in the form of a circle with oscillating 
center ; and the theorems of Articles 46 and 47 apply 
to it. The principal practical results are : that in the 
plane xy, or in the plane normal to the plane of vibra- 
tion, the vibrations of air to and from the wire, on 
which the audible sound mainly depends, and which 
here have z for factor, are small ; and that, in all 
directions, the magnitude of vibrations depends princi- 
pally on R, whose most important term has for factor 
r~*, which diminishes rapidly as the distance increases. 



49. Application of the theory la the vibrations of 
air produced by the vtbrations of a tuning-fork. 

The tuning-fork is a small instrument in the form 
represented in Figure 10, constructed of highly elastic 
metal. In use, one of its branches is struck, and the 



whole form is put into a state of vibration ; but, by 
holding the single stalk in the hand, all vibrationa 
of that stalk are speedily deadened, and then (as will 
be perceived on mechanical principles) the remaining 
vibrations of the two branches of the fork must be 
at every moment in opposite directions. As the direc- 
tion of vibration of each prong of the fork is definite, 
the theory of Articles 46 and 47 applies to the vibra- 
tions of air which it produces; but the combination 
of the vibrations from the two prongs requires a special 
investigation. We shall suppose that the section of 
each stalk is a circle, and that one stalk does not 
inteiTupt the air-vibrations produced by the other; 
neither of which suppositions ia strictly true. 



Take a plane at right angles to the two prongs 
for the plane of yz, z passing through both prongs; 
let the interval between the two prongs he 2c ; take 
the middle point of that interval for the origin of 
co-ordinates ; put ^ for the ordinate of a particle mesi- 
sured from that point in the direction of z, and p for 
the radial distance from that point ; then the z {in our 
past investigations) of one prong will be f— c, and 
the 3 of the other prong will be ^-\-c. Also the r* 
of one prong will be (f— c)' + y' = ^ + y — 25'c nearly, 

= p — 2fc, and r =p—-c nearly ; for the other prong. 



s nearly. 



J 



WAVES PRODUCED BY THE TUNINa FORK. 91 

The velocity in y therefore produced by one prong. 



C-c /dR J-B ^\ 
'^p^-^pydp dp*' pj' 

Hupposing p substituted for r in the function R. Com- 
bining the terms, this becomes 

y ( tydB ,dE y,cCR \ 

The velocity in y produced by the other prong 
would be expressed by the same formida with siyna 
of c changed, if the two prongs were in the same 
state of vibration. But the two prongs are always in 
opposite states of vibration. Hence we must again 
change sign for the entire expression for the movement 
I produced by the other prong. Thus we have 

I and th 

I Th 



/ ,y.dR ,dR «(f-fl \ 

\-f^^-^-dp'-f^dp''V' 

and the entire velocity in the direction of y is 

_2y dR _2y^ dl'R 
p' 'dp p' ' dp* 



The velocity in z produced by one prong, or 
z' dR 



dE ( 



dB t C-2^ /dE d!B 

dp p p' — fc \d/) dp* 



, dR_ 
^ dp 



dR „f^i^ t^ d'R • 



V^(^i''^P'i'ii-V-£;''+^^„''-p?-'^.''): 



whence, as before, the entire velocity in z is 

6? dR 2i;' dR 2^ ^R 

-— .-T-.c + -V--j-c--i-.-j-iC; 

p dp p "'p p ^P 

and the total velocity in the direction of p 

V ■ • t 

= - X velocity my + -x velocity in ^ 



4 



Without going into the complete discussion of thia 
formula, it may be stated that in many cases -^ has a 

sign opposite to that of -t- , so that the coefficient of f 

is negative ; and with certain values of f, that is, in a 
direction making a certain angle with y, there will be 
no vibration. This may be verified by putting a 
tuning-fork into vibration, holding it to the ear, and 
turning it round its stalk : in four positions the sound 
sensibly dies away. 

The coefficient of vibration of air, which is pro- 
portional to r~^ (see the expression for R in Article 46), 
decreases rapidly with increasing distance. 
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60. Si/mmetrical divergent wave, in air of three 
dimensions ; convenience of circnlaT functions for expres- 
sion of wave : modification of the magnitude and law of 
the displacement of particles, and of the speed of wave, 
as the distance from tlie origin increases. 



Assume i^ to be ^, a fuDctioD of t and r only, where 
Proceeding exactly as in Article 44, we find 



AF^dR dr 
da dr' dx' 



iPF d'H dr 



rfr V(-c'+y' + ^)' 



^ia^ + y' + z-) 
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dr" 'ai' + y + a* 
Similarly, 



'''■'(ic'4y+3*)«' 



' d,''x' + S' + ^ 



dB a^ + .v* 



94! ON SOUND. 

And the equation of Article 37 becomes 

1 ^^<PR 2 dR 
cf' df dr^ r' dr ' 

This equation can be completely integrated by the 
process of Article 43. Making m = 2, n = — 1, and as* 
suming the solution to be 

we find G^ and all succeeding coefficients = ; and the 

G 
value of jB is simply — , where C7 is a function of u 

and V. 

As in Article 45, the velocity of a particle in the 

direction of the radius vector = -j- : and if the wave be 

ar 

a divergent wave, (7 is a function of v only, or of a^ — r ; 

dG dG dv dC 



dr dv ' dr dv 



= -C"; 



/77? 
and the velocity of a particle, or — ^ 

^_G^_C 
r r^' 



Integrating this quantity with regard to t^ and making 

dD_ 
Tv"^^ 
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the displacement of a particle is foiuid to be 



_D' _D 

ar ar* ' 



Tbe import of this expression will best be seen 1 
a form for the fuDclion D, Suppose 



the same form of function which is found convenient in 
the Undulatory Theory of Light for a series of similar 
■waves in continued succession, and to which (as we shall 
hereafter shew) all systems of recurring similar waves 
may be referred. The value of this function, after going 
through various changes with continued increase in the 
value of r, returns, when r is increased by X, to the same 
value ae before ; and as the characteristic of a series of 
similar recuniug waves is that at the end of a certain 
spatial interval, which we call " the length of a wave," 
the state of disturbance is the same as at the beginning 
of that interval, it follows that \ is the length of a 
wave. The same recurrence of value is produced with 



imaltered r if w 



lb,- 



which shews that the 



wave advances through a space equal to its length, so 
as to leave a succeeding wave exactly in the same place 

in which the preceding wave was, in the time - . 
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Now, since 

2 
D = 6 . sin r 

B' wiU be 
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' {at — r), or = . sm — «, 



and the expression for displacement is 

& /I Stt Stt 1 . 27r ' 










27r 
cos — 


w + si 


x°;- 


Hwe 


make tan 5 


277T 


this 


xpressio 




i 1 . 


f" 


..), 




"o^vt, 


X" ^ . /Stitj 
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The angle Q increases from (when r = 0) to -^ 
(when »■ ie X ). Thus we find that. 

The displacement of the particles is expressed by a 
modified wave, in which the maximum of backwards- 
and-forwarda disturbance is not the same at all distances 
from the center of divergence, but varies more rapidly 
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than the reciprocal of distance from that center. For 
great distances, however, it is proportional to the reci- 
procal of distance. 

The progress of the modified wave is not uniform ; 

for to the quantity -r— there is attached 6, or to v there 

\0 
is attached ^ , a quantity increasing positively but 

more rapidly at first than at last. Conceive this imited 

with — r, and let r— ^r- =r . Then the last factor of 

displacement is 

sm— (a^ — r). 

This shews that at the time t the multiple at in v is 
connected with r , a quantity smaller than r. To ascer- 
tain the spatial interval of waves at a given time t, we 

27r 
must change r' by such a quantity that — r' will be* 

changed by 27r, that is, r' will be changed by X, or 

X^ 
r — ^ will be changed by X, or r will be changed by 

X+^ 

^ + 27r- 

Hence the spatial interval of the waves is rendered 
rather larger by this term ; the interval in time being, 
at any given point, necessarily unaltered (as determined 

H 
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only by the interval of impulses at the origin), and the 
velocity of the waves is a little increased. But the 
whole gain in space travelled over by a wave is 

2^ X whole gain in ^ = 2^ X ^ = J . 



51. Divergent wave of three dimensions, with oscil- 
lation of the center of divergence in the direction of z. 



Assume F to be Rz, R being a function of t and r 
only, where 

r = ^/{x' + y' + J^r). 
Then, by a process exactly similar to that of Art. 46, 
dF dR ^ dR dr dR x 



djc ' dx 'dr'dx ' dr ' js/{a:^+y* + z')' 
d^F_ d^R _d^R x^z dR y'z-^-^ 



dx' da? dr^ V + 2/« + ^^ dr'(a;« + ^«+^2)f' 

(by the expansion of last Article). 
Similarly, 

dJ'F _d?R y^z dR a?z-^2^ 



df dr''x'' + y'''\-z' dr' (pi? j^y^ j^ £^\' 
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Then 
dF ^ P dR ^ n.dR s? 

d_R 2a?z + 2i^z+!^ 
dr" (ai' + y' + j^)* ' 



d'R e 



, dR Za?z + 3?A + 2^ 

-J 'J. 



^, d^F^d^F^d^F. 

The sum ^4- ^ + ^^-18 

c/r' ' dr ' r ' 
A J d'F d'R 

Thus the equation of Article 37 becomes 

1. cf^_d^B 4 dB 

To solve this equation, we adopt the process of 
Article 43. 

Making n = — 2, and using the form 

E_^.r'' + E_^.r-* + &c., 
we have 

4^'.,-3.0.^., = 0; 

h2 
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whence E',^ and all following quantities are = 0, and 
^'.. = E^. If -21. = ^ , then E^ = 0, and 

1 

and 

This, it will be remembered, is on the supposition that 
we confine ourselves to the divergent wave, and con- 
sider (7 as a function of v or a^ — r only ; if, to com- 
plete the solution, we desire also to introduce the con- 
vergent wave, we must introduce H a function of u or 
at + r only, and the sign of its differential coefficient 
must be changed. 

dF 

The velocity in x, or -i- (Article 38), is 



The velocity in y 



The velocity in z 



dR 
dx 


zx 
r 


dR 

' dr ' 




r 


dR 

' dr ' 


= 7?j 


1 — . . 


m 



r'dr' 



X 



The velocity in the direction of r = - x velocity in x 
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zR 



dR 

dr 



+ ■ X velocity in y + x velocity in , 
The displacement in the direction of r 

From this it follows, exactly as in Article 47, that 
the particles originally in a. spherical surface whose 
center ia the center of divergence will always he in a 
spherical surface of the same diameter witli oscillating 
center. And the displacement of the center of the 

spherical surface at the time tisJR-i-rj ,- in the 
direction of r. 

The elastic pressure of the air at any point (Arti- 
dX 



cle 35) is HD(\- -j- 
is the same as 



d^ 
' dy 



-(-J-f)- 



52. Application of this theory to an oscillating pen- 
didum with spherical bob; first, symbolical integratioH 
for the pressure on the whole surface. ■ 

A spherical solid body moving in the direction of z 
will have for its coating of air one of the spherical but- 
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faces of which we have spoken, and from it the waves 
will diverge according to the law found in the last 
Article ; the necessary condition being, that the displace- 
ment of center of that air-coating must be the same as 
the displacement of the center of the solid sphere, or 
that tbe function R must be so determined that, when 
applied to the sphere of the same radius as the solid 

sphere, i S + r I -3— must be equal to the displacement 

of the center of the solid sphere. 

Now let us examine the value of the elastic pressure 
upon the surface of the solid sphere. 

First, we will examine the pressure upon any sphe- 
rical surface whose radius is r, and whose center waa 
originally at the origin of co-ordinates. 

Conceive the surface of the sphere divided into 
annuli by planes parallel to xy ; let two of these planes 
be at distances from the center of the solid sphere 2 and 
z + Sz. (This z and Sz 'are not exactly the same as the 
original z and Sz, because the particles of air have a 
motion in each spherical surface ; hut the difference de- 
pends on the first order of displacements ; and its effect 
on the variable part of the elastic force, which itself is 
of the first order, will be of the second order, and may 
be neglected.) If we put f for >J[x' + if), so that 

which for this investigation is constant, f and f+Sf 
will be the radii of the circular intersections by the 
■two planes. The resolved part of the elastic force which 
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retards the motion of the sphere ia the direction of z is 
= elastic force x area included between circles of diame- 
ters f and f +8f ; but as, with positive and increasing 
Zy f diminishes, we must say that the resolved part of 
the elastic force which accelerates the motion of the 
sphere = elastic force x 27rf Sf = — elastic force x iirzhz 

We arrive at the same expression if we confine our 
attention to that side of the sphere where z is nega- 
tive. 

Therefore, to find the total pressure acting to accele- 
rate the sphere in the direction of z^ we must integrate 
the quantity 

•'Z + 

with respect to z, from z== — r to z = + r. 
The first term produces 0. 
The second term produces 

or, since 

dR_dB dv^ dR 
dt "^ dv ' dt" ' dv* 

the second term produces 

47r ED / d^G , dO' 



^""Hi-^ 



*Tr HD( a^.dG\ 
■•■ 3 • o ^ di^'^ dvj' 
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Now the ordinate Q of tlie center of the sphere is 



dt 

a 

■? + ?■■ 

(at-r) (Article 51), 
dt 



V or 



5S. Undulum investigation continued; determina- 
ition of the form of the function, and evaluation of the 
tire pTesBwre. 

In the case of a vibrating pendulum, whose bob is 
a sphere of radius p, the ordinate Q, of the center of the 
bob or of the atmospheric sphere whose radius is p, will 
move accordiag to this law, 

"When p IB put for r, Q must = J . sin ct. 

Therefore the function G must be bo taken that 
-jT , as expressed above, will, when p is put for r, 
assume the shape be . cos ct. There is no hope of doing 



PBESSXmE OK AH OSCrt-LATING BPHEKE. 



lOS 



thia except by making G a simple function of sine and 

cosine. Suppose then we assume for G, 

K . sine (multiple of r + constant) 
+ L . cosine (multiple of 0+ constant). 

The multiple of v must be such that, to make 
our terms comparable with cos ct, the multiple of t 
under the bracket will be c. But v = at — r. Hence 



the multiple of v will be 



and we have for O, 
(at- r) + constantf 
+ Z, cosine ]- (a(— r) + C0Qatantk 
"When for r we put p, this becomes 

k. sine J- (ai — p) + con8tantt 

+ 1 . cosine J {at -~p) + constant [ ; 

where k and I are the values which K and L receive 
when for r we put the special value p. 

But in that case, which is to correspond to the 
motion of the center of tbe pendulum-bob, our terms ar« 
to depend on ct. Therefore the constant, in each term, 

be + ^ — ; and our general expression nmst be, 
G = K. sine -{v + p)+L. cosine -{v + p). 
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dQ 



Substitutiug this in the expression for -j- , which, 

when after the differentiation p is put for r, is to equal 
he . cos ct, and remarking that for the general symbols K 
and L we are now to put the special values k and ?, 



lUv 



pV ap" 



+ 



^a p 



-I-)'- 



2c 
ap^ 



* = + 6c . cos ct 



k[ cos ct 



Put e and /for the coefficients of k and Z in the first 
line ; then we obtain 

j,_ -W j_±bce 



Forming with these the general expression for 
47r HD ( d'G dG 



<7r HBf cTG dG\ 
3 • a \ d'i?'^ dvj' 



which (Article 52) gives the pressure in direction z 
upon the surface of the sphere whose radius is r ; and 
putting y> for r; we have for the whole pressure on the 
solid sphere in the direction of z, 



47r HDlc' 



3 'aYie'+r) 



{{apY + 2a') sin ct - cV . cos ct]. 



Substituting for e and/ their values, the whole pres- 
sure on the sphere in the direction of z is 
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47r 3^ H _bc' 



-^ p^D . — . 4 4^A i {(«f>V + 2a") sin ct — cV cos ct], 

Cb Op T jtCb 



47r 
And it is to be remarked that -^ p* D=: mass of air dis- 
placed by the solid sphere. 

Now be, the maximum velocity of the pendulum, is 
very small in comparison with a the velocity of sound. 
Retaining only the principal term, 

pressure in the direction of z 

= mass of displaced air x 5-5 . Jc* • sin ct 

54. Pendulum investigation completed ; comparison 
of the atmospheric pressure with the resolved part of 
gravity ; the oscillations of the pendulum are made to 
occupy a longer time. 

Let W be the weight of the bob. Since Q = h.8mct, 

— I = — 6c , sm ctj 

and the resolved pressure arising from gravity which 
produces the vibration of TTis 

— TT. Jc" . sin ct 

9 
Hence the proportion of the pressure in z produced by 
the elasticity of air, to the pressure in z produced by 
the resolved part of gravity, is 

— weight of displaced air x Hg 
2a* X weight of bob 
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But in Article 22, Hg = a'. 

Hence the proportion of the pressure in the directioD 
of motion produced by air-elaaticity, to the pressure 
produced by gravity, is 

1 weight of displaced air 

2 * weight of pendulum-bob ' 

This new pressure, it is to be remarked, diminishes 
the effect of gravity. It is not of the nature of friction, 
which depends only on the velocity ; (the very small 
term multiplying co8 c(, which is proportional to the 
velocity, ia of the nature of friction). But the term 
which we have considered may be represented by saying, 
either that gravity is diminished, or that the inertia of 
the pendulum-bob ia increased by the addition of a mass 
of air equal in volume to half the volume of the pendu- 
lum-bob. The latter is the more usual form of express- 
ing the result. 

The effect of it is, that the pendulum is made 
thereby to Yibrate more slowly. 

It is particularly to be remarked that this retarding 
effect is totally different from that arising from the 
" floatation " of the pendulum-bob in air. The effect of 
that floatation is to diminish the acting weight of the 
bob by the whole weight of displaced air, and to dimi- 
nish the power of gravity in producing vibration by the 
fraction 



weight of displaced air 
weight of pendulum-bob * 
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Hence the total diminution of the power of gravity in 
producing vibration is expressed by the fraction 

3 weight of displaced air 
2 ' weight of pendulum-bob ' 
3 specific gravity of air 



or 



2 ' specific gravity of pendulum-bob ' 

This proposition is very important in the computa- 
tion of pendulum experiments. 

As with unaltered gravity, so with this altered 
gravity, there is no tendency to diminish the arc of 
vibration. 

54*. Divergent wave of three dimensions; each 
ring of particleSy which was originally in a circle paral- 
lel to xy, changing its form into an ellipse; and the 
major and minor a^es of the ellipse alternating in di- 
rection. 

Assume Fto be Bxy, where -B is a function only of 
t and r or VC^' + y' +«*). Performing the diflFerentia- 
tions exactly as in the last investigations, we find 

d'F^ d'R o^_xy dB ^ 8xy dR 
da? "" "^ ' c?r* * r* r ' dr' r^ r ' dr* 

^=. rflB y^_^ dR jf Say dR 
d}f ^ ' dr^ * r* r ' dr' r* r ' dr' 

d?F d?R 1^ xy dR i? xy dR 

dz* ^ ' dr' ' r* r ' dr 'r* r ' dr ' 

^ dT d^_ fd^B 6 dR 
dn^^ df'^ dz* '^^ {dr* "'■ r • dr J • 

. , d'F d^R 

^^ de^'^^-de'' 
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Hence the equation of Article 37 becomes 

1^ d?R __^ 6 dR 
a^' df " dr^ r' dr * 

By Article 43, a solution of this equation can be 
found in the form 

where K_^y K_^, K_^, are functions of v or of at — r. 
Kemarking that 

d,K ^ d . K^ dv d.K ^ 

dt dv ' dt ' dv ' 

and that 

d.K^ ^d.K_, dv^_dLK_^ 
dr dv dr dv ^ 

and so for each of the other functions ; our equation 
becomes on substitution, 

Making each term = 0, and supposing K_^ = 5", a func- 
tion of v, 

«. dS -rr 1 d^H 



dv' -» r dv 



:i 9 



and F=-xyR^xy^.^r^-¥^r-* + Hr-^\. 



dv^ dv 
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54**. Motions of the particles in this problem: 
similarity of the motions to those of the surface of a belL 
By Article 37, 

dX dF d , J,, „ , dB X 
^-T.^dJ='!^^^=y^^^-d?-r- 



Similarly '^ 



= xR + xy 



dR y 
dr'r' 



The velocity parallel to .ry in the direction of radius 
X dX .ydY. R dR f2R dR\ 

This expression vanifihes when a; = 0, and alao when 
y = 0. That is, supposing the plane xyXo\}& horizontal, 
in two vertical planes intersecting at the origin of co- 
ordinates there is no motion whatever to or from the 
center. But in the first quadrant of azimuth, with 
positive X and positive y, the sign of velocity in radius 
is the same as the sign of the bracket ; in the second 
quadrant, with negative x and positive y, the sign ia 
opposite to that of the bracket; in the third quadrant, 
where X and y are both negative, the sign is the same 
as that of the bracket ; and in the fourth quadrant, 
where x is positive and y negative, the sign is opposite 
to that of the bracket. This shews that the form 
of a series of particles, which in the quiescent state 
was circular, becomes elliptic, the axes of the ellipse 
being inclined 45° to the axes of x and y. And if, as 
in Article 50, we suppose if to be a periodical function 
of V, alternately + and — in successive small portions of 
time ; then the quantity in the bracket will be alter- 
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nately + and — in successive smiill portions of time ; in 
these Buccessive smalt portions of time, the ratlial 
velocity in the first quadrant will change from 
+ to — while that in the second quadrant changes from 
— to + {or vice verad), and so for the other quadrants. 
Therefore the form of the aeries of particles, originally 
circular, will be changing backwards and forwards, from 
an ellipse with major axis inclined 45° to x, to an 
ellipse with major axis inclined 135° to a;. 

This motion is exactly that of the particles of a bell, 
hung vertically, and struck by a hammer (exterior or 
interior) on one side. And, the air being set in motion 
in this form, it will (in consequence of the applicability 
of the formula to all values of r) propagate its motion, as 
regards radial movement, in the same form. The am- 
plitude of the movement, or the coefficient of the 
periodical term, has for its principal factor 
E d'H _ 

which, for a given azimuth, is inversely as the square 
of the distance. 

The velocity transverse to the radius is 
X dY y dX_ R 

T- dt T- dt~^'^ ^K- 

This is maximum where the radial velocity vanishes 
and vanishes where the radial velocity is maximum. 
dF 



The velocity in the direction of z, which 



dz 



[xyM], is simply a-i/ 



xtjz dR 
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The theory applies to the external movementfl of air 
produced by a spherical bell struck on one side, or by a 
hemispherical bell whose mouth is close to the ground. 



bi*". Divergent wave of two ditnensions, of the 
same character as the last. 

Treating this in the same manner as in Articles 44 
and 46, with the assumption F=Rxy, where ii is a 
function of ( and of ^(iB'+y*), the equation for R is 
found to be 

I^ fB^d^ 5 dR 
r''(/C dr*'^r'dr' 

It does not appear necessary to follow the consequences 

of this equation in detail. 



65. Squationa for a horizontal plane warn passing 
upwards through the atmosphere, the effect of gravity 
being taken into account. 

In all the investigations to this point we have 
treated th^ air as an elastic fluid, confined so as to be 
prevented from disseminating itself into infinite space, 
but not subject to the action of gravity. We shall now 
consider, in a simple case, the modifications which are 
introduced by the introduction of gravity. 

First, we will find the relation between the pressure 
n, the density A, and the height x, while the air is in 
I 



1 
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its quiescent state. In a vertical column whose section 
is 1, the mass between x and x+8x is AxBx; and 
this is supported by the excess of the pressure IT below 
it oyer the pressure IT + SII above it. Therefore 

AxSiB = -8n; 

whence, taking the limiting value of the fraction. 



dx 



= -A. 



By Article 13, A = ^; therefore 

n' dx" H' 

whence 

logn=^+(7; 

and, putting P for the pressure at the ground, log P= C; 
therefore 

logp=-g^, or IT = P. 6"^; 

and A = = .e"^. 

Now suppose the particle at elevation x to be raised 
to the elevation x + X, and that at elevation x + h to 
be raised to 

x + h + X+^h. 

cCx 

As in preceding instances, the new density A' will 
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The pressure about the particle whose original place 
was X being 11', that about the particle whose original 
place was x-\-k will be 

the excess of upwards pressure is — --7- k. 

The weight of the matter in the same space, pressing 
it downwards (by the action of gravity), is Ak. 

Hence the whole force pressing upwards is 

ax 
The mass is A . &. 

Therefore 

d'(x + X) d^X / , 1 dU'\ 



di? df 



Or since H' = E. A', 






dx ' dx ' 
ffX gH dA' 



gH d f. . dX\ 

gH dA gHdA dX „ cPX 
~~-^~'~K'd^'^ A dxdx'^^dj? 

I2 
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But since A = -rv, 

n 

£^dx~W dx~ H' 
Also gH=a\ 

„ d'X , dX , .d'X 

^ d'X , dX .d^X - 

This equation cannot (with our present knowledge) 
be generally solved in a finite fonn. 

The equation may be put into a form admitting of 
an apparent symmetrical solution in infinite series, by 
using u and v as the independent variables. By Partial 
Differential Equations, Article 35, 

df da? du.dv ^ du.dv* 

Ad dX^dX da dX dv ^dX _dX 
dx du' dx dv ' dx du dv' 

The equation now becomes 

cPX ^ 1 fdX dX\ 
du.dv 4iH\dv duj* 

Neglecting the second side, 

X = ^(m) -V'^iy). 



Substituting this value in the second side, and inte- 
grating 

Continuing this process we find 

x-*(»)+^(,)+s[(jJ^)'(/-|J»M+^Ml], 

where p is to have the values 1, 2, 3, ,,. x , 

We doubt, however, whether anjrthing is really 
gained by this form. 



56, Investigation of the motion of a spherical diver- 
gent ivave,f)'Ovi conmderationa of the movement of parti- 
cles in a solid-angle-sector or pyramid. 

In Articles 44 and 50, the motions of symmetrical 
divergent waves, in space of two or of three dimensions, 
are treated by means of the Characteristic Function. 
But they may be treated by the more simple and 
direct method of considering the changes of volume 
and density, and the forces thence arising, in a solid- 
angle-sector or pyramid of very small angle. We will 



commence with a re-inveatigation of the problem of 
Article 50, the divergence of a wave in space of three 
dimensions. 

Let the measure of the solid angle, estimated by 
the area of the transverso section of the pyramid at 
distance 1 from the origin, be s; let r be the distance 
of any particle in its undisturbed state, r+ T its dis- 
tance at the time t. Between the transverse section 
at distance r and that at r + Bi; the included volume is 
fl . r" . 8r. When r is changed to r+ T, r + Sr is 
changed to 

r + Sr+T+'^J &r; 
dr 

and between the transverse sections at those distances, 
the included volume is 



.(.+ D-.(8. + f!.). 



The density A, in the neighbourhood of the disturbed 
particles whose original distance was r, ia therefore 



.(r+rr.(sr+|?V) 



-Z)x 1 



r drj' 



and the elastic pressure 11 on a unit of surface ia 
dr)- 



\ r drj 
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For the particles wliose original distance was r + r, 
the pressure 11' on a uuit of surface 



The mass of matter, between a unit nf surface at one 
transverse section of the sector and a unit of surface at 
the other transverse section, is Dr. 

It might be thought at first that, in order to deter- 
mine the movement of the truncated pyramid included 
between the original distances r and r + r, we ought 
to compare the whole pressures at the two ends of the 
truncated pyramid. But on consideration it will be 
seen that, if we form a principal cylinder whose base 
is the smaller end, and produce it till it meets the 
larger end (as in Figure 11); and if we estimate the 
difference of pressures of those equal ba^es of the 
cylinder, and compare it with the distance between 
them; and if we also form parallel small cylinders, 
occupying with their bases the remaining part of the 
large end, and whose opposite extremities cut the in- 
clined boundary; and if we estimate the resolved part 
of pressure on that inclined boundary in the direction 
of the cylinder's length; we shall find the difference 
of opposite forces to bear in all parts the same pro- 
portion to the length of the column of air which they 
axe to move. 

The acceleration therefore, or 



d 
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will be 



Dr' ' dr ^ J) ' dr\ r dr) 



d /2T dT> 



^ ' dr\r dr J' 



Making this=^(r+T) = ^, 



we have 



1 ^^d^/2T dT\ 
a^ dt^ '~ dr\r drj* 



Let T^Vri 



'. r d'V ,dV d'V 

then "2--j:r=^-j~ + ^'j-T> 

a* df dr dr* 

1^ d?F_4 dF d^ 

which being solved by the process of Article 41 gives 

-rr^dH 1 H 

{H being any function of v), and 

rp_dH 1 H 

an expression equivalent to 

ar ar*' 
found in Article' 49. 
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(The same equation ia solved by a different pro- 
cess, in the Author's Partial Differential Equatiima, 
Article 42.) 



Ill the same maniier we may proceed with such 
a problem as the following. To find the law of motion 
of a wave of air diverging simultaneously from all 
parts of the earth; supposing gravity to be inversely 
as the square of distance from the center, and the 
elastic pressure to vary as the ti"* power of the density 
{n being somewhat greater than 1, to make the atmo- 
sphere finite). It is necessary first to investigate the 
statical problem (as in la»t Article) and then to make 
the dynamical investigation (as above). An equation 
will be obtained in the form 



(w-I)a' ] d /dT , 2 
r j dr \dir 



r^ 



a being the earth's radius, 6' = - , ^ = — nH-\' (n — 1) o 



(This equation was printed erroneously in the 
Author's Partial Differential Equations, Article 44.) 

If this equation could be solved, it might give 
some information on the ultimate effect of radiations 
of various kinds from central bodies. 



57. Remarks on the ijicrease due to the computed 
velocity and pressure in all tlie preceding results. 

Commencing with Article 32, we have, for con- 
venionce, systematically omitted the factor n^ff, in ex- 
presaing the proportion of the change of elastic pressure 
to the change of density of the air. But this factor, 
or one of very nearly the same vahie, ought in all 
cases to be introduced. This will be seen on consider- 
ing the characters of the several cases to which our 
theorems apply. 

The necessity for employing the factor is ex- 
plained in Article 14; the symbol being first introduced 
in Article 17 and first applied in Article 21. There 
can be no doubt on the necessity for using it in all 
cases. 

The necessity for employing the factor n is ex- 
plained in Articles 15 and 16 ; the symbol is first 
introduced and first applied in Articles 16 and 21. 
The reasoning in Article 15 shews that its existence 
depends entirely on the rapidity of change in the state 
of condensation of the air. The investigations in Arti- 
cles 24, 25, 27, 30, 31, 32. 39, 44, 46, 48, 50, and in fact 
every investigation relating to sound, imply vibrations 
which go through their period several hundred times in 
one second, and for these the factor n or 12 must in- 
dubitably be used. The effect of it is that the velocity 
of transmission of the wave instead of being a or JffM' 
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will be 1*2 X JgH'. The investigation of Article 51, 

or rather ita apphcation to the pendulum-vibration in 

Article 54, implies vibration in which the change from 

least to greatest density and vice versd occupies one 

second. It is ceiiain, from the experimeuta mentioned 

in Article 15, that a great effect of the kind sought 

takes place in that duration of time, but it seeraa 

doubtful whether the whole effect corresponding to 

rapid vibrations will be produced. If the whole eSe(A 

is really produced in that case, then, since the object 

of the investigation was merely to ascertain pressures, 

these pressures will bo increased in the proportion of 

1 : ^ or 1 : n* (see Article 16) ; and in Article 54 the 

" proportion of the pressure in the direction of motion 

produced by air- elasticity to the pressiu'e produced by 

., „ .,, , 71* weight of displaced air 

gravity will be — t; . — rS ;; — ■ i , t—j- , or 

° •' 2 weight or pendulum-bob 

A. 79 weight of displaced air 
weight of pendulum-hob ' 

and the final result of that article will he 

jj^2 ^^ specific gravity of air 

specific gravity of pendulum-bob ' 



58, On the combinatiov of similar waves travelling 
in opposite directions; and on stationary waves. 

If, in the motion of waves of air through a cylinder, 
or in the motion of a plane wave of air in space, 
(Articles 24, 25, 27, 39), the expression for displacement 



of a particle consists of two ftmctions expressing wave- 
motion in opposite ilirectioiis, as 

<f) {nSa . t — cc) + ^ (nffa .t + ai), 
and if the two functions be trigonometric, similar, and 
with equal coefl5cients, aa 

b.Bin{nSaf.t—/x-i-c) + h.s\a {n9af .t -\-fa -\- e), 
their sum takes the form 

X= 2b . sin {nBaf. t + -J- ) x cos {fx + ~\ . 

Here the appearance of a travelling wave is lost 
entirely. The function presents none of the character- 
istics described in Articles 24 and 25. Yet every parti- 
cle of air, with only critical exceptions, has a vibratory 
motion. 

If we consider a siagle particle, that is, if we mate 
X constant, that particle has a vibration whose coeffi- 
cient is 2 J . cos f/a: + — ^ J , and whose law of oscilla- 
tion ia s\a{n6af.t-\ — ^ J, going through all ita changes 



in the time 



27r_ 
ndaf 



The magnitude of vibrations is dif- 
ferent for different particles; but the beginning and end 
of vibration occur at the same time for all the particles. 
The coeflScient vanishes, that is, the particle has no 
oscillation, where 



/:«+" 



2 ' 



, &c. 



J 
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If we consider all the particles at one moment, that 
is, if we make t constant, the displacement of different 
particles follows the law 



cos 



if'^'-¥)- 



It has one sign between 



/c + -s- = 9 and = 



2 ' 

the opposite sign between 

the first sign between 

-e — c Stt , Ttt 

&c. 
There is constant quiescence where 

- e — c TT Sir Stt 

The maximum value of displacement is 
±2b.Bm(n0af.t + ''-^Y 
always occurring, whatever be the time, where 



>+V=o. 



or =s TT, or = 27r, &c. 
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From the last mentioned characteristics, this law 
of disturbance has received the name of the stationary 
wave. 

The variable part of the elastic force* of the air 
(Article 21) is - i> . ^, 

or 2lfD . sin (n0af.t+ —a-) . sin f/a? + -g") • 
This, for any one particle, has for coefficient 

This coefficient is greatest where 

j^ H 2~" "~ 2 ' 2 ' '* 

and vanishes where 

fx + — ^ = 0, TT, 27r, &c. 

On comparing this with the preceding statements, it 
appears that those points of the air which have no dis- 
placement have the greatest change of density, and those 
which have the greatest displacement have no change of 
density. 

The reader will at once perceive that the theory of 
the echo, in Article 41, applies to this case; supposing 
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Stationary waves are formed, in like manner, by 
the combination of converging and diverging waves in 
the cases supposed in Articles 44, 46, 50, 51. The 
reader will have no diflSculty in verifying this. It will 

be necessary to distinguish carefully the signs of -y- 

as derived through u and as derived through v. 

59. Deficiences still existing in the mathematical 
theory of atmospheric vibrations, as applied to important 
causes occurring in practice. 

The first deficiency to which we shall advert is in 
the general treatment of the reflection of waves of air. 
We have seen in Article 41, &c. that the reflection of 
ordinary plane waves of air at a plane surface is treated 
theoretically without dilfficulty; and if we should use a 
similai' process for such plane waves as occur in Arti- 
cle 42 (the formulae of that Article being so altered 
as to represent two directions of motion of wave in- 
clined to the axis z, in order to exhibit the wave in the 
generality of inclination), or for such diverging waves 
as occur in Articles 44,46, 50, and 51 (with due alteration 
for representing the places of the two centers of diver- 
gence and the two directions of oscillation), we should 
find no dilfficulty, provided we assume that the surface 
of reflection (that is, the surface along which the motions 
of the particles produced by the combination of tWo 
waves are at all times parallel to the portions of surface 
which they touch) is a plane. 
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But if we assume that surface to be curved, we 
meet with difSculties. It might be supposed that, with 
a parabolic surface, the movements of particles, pro- 
duced by a splierical wave diverging from the focus, 
and by a plane wave moving in the direction of the 
axis, would be so related as to shew that, by reflection 
at the parabolic surface, one of these waves would be 
the consequence of the other. This, however, has not 
been proved algebraically, and appears to be doubtful 
In like manner, it might be supposed that, with a 
prolate spheroidal surface, the movements of particles in 
waves diverging from one focus and converging to the 
other focns would possess the relation proper for reflec- 
tion ; but this is equally in doubt. And these doubts 
apply to reflection at a curved surface generally. 

The second deficiency is in the investigation of the 
motions of the particles at the junction of two contain- 
ing vessels. Suppose, for instance, we consider a large 
tnbe stopped at one end and communicating at the other 
end with the open air. There is no difficulty in under- 
standing that there may bo a stationary wave in the 
tube (the stopped end being one of the points of vanish- 
ment of motion in Article 58), and that there may be a 
stationary divergent wave in the open air. But, if so, 
where will be the next surface of vanishment of motion? 
or that of vanishment of variability of pressure? 
Theory has not yet answered these questions. 

We commend these problems to the attention of the 
student. 



J 
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TRANSMISSION OP WAVES OF SONIFEHOUS VIBRATIONS 
THROUGH DIFFERE.N'T GASE3, SOLIDS, AND FLUIDS, 

60. Velodti/ of waves through gases. 

The investigation of Article 21 applies in the same 
manner to all gases as to atmospheric air, excepting 
that we are not so well acquainted with the effects of 
change of temperature and sudden contraction or ex- 
pansion. Omitting these, that is, putting 1 for nB, we 
find as in Article 21, that about the particle whose origi- 
nal ordinate was a:', the density of the gas is represented 

\>j D — D--j- ; and by Boyle's Law, Article 10, which 

is found to apply to all gases, the elastic pressure of the 
gas about that point is therefore 



KlD- 



V'4-Y 



K being a constant of whose value we shall speak very 
soon. Consequently, the elastic pressure about the 
point whose original ordinate was x + kia 



k(d- 



tLc dx' ' 



and the excess of the former mentioned pressure, tend- 
ing to move the included mass of gas forwards, is 



dx' 

therefore we have the differential equation 

of which the solution is 

indicating, as in Articles 24 and 25, waves whose velo- 
city is JtfK. 

In order to explain what ia meant by K, let us 
suppose that the gas is contained in vessels which are 
not rendered, by the inclosed gas, liable to any strain 
either of bursting or of contraction, and therefore that 
the gas exerts the same elastic force as the external air. 
In this state, let the specific gravity of the gas be 
= ff X specific gravity of the external air ; or, using our 
own language, let the density of the gas be (? x density 
of air. Now by Articles 8 and 13, the elastic pressure 
of the air ia able to support the weight of a column of 
similar air whose height is If; or, in Article 13, the 
elastic pressure of air = if x density of air. But we 
have just supposed that the elastic pressure of the gas is 
equal to that of the air, and that the density of the air 

= j,y. density of gas. This equation therefore becomes 

Elastic pressure of gas = 77 ^ density of gas. 
Consequently our factor K'ia='^\ and the velocity of 



J 



WAVEa THROUGH SOLIDS. 131 

waves is */'/^- ^^ ^''"' treated in the same manner, 

the velocity of waves is Jgll. Therefore the velocity of 

waves in gas is — ~- x velocity of waves in air; where 

G is the specific gravity of the gas, referred to air at 
the same pressure, as the standard of specific gravity. 

61. Vehciiy of waves through solid bodies. 
The fact of tlie transmission of vibrations through 
a solid body, and the calculation of the velocity of the 
wave, rest on the assumption that the particles of the 
body are so connected, that compressive force from some 
estei'nal cause is necessary to make the particles ap- 
I proach nearer together, and that extensional force is 

L, necessary to separate the particles more widely; and 

that the effects so produced will be proportional to the 
forces producing them. In the extension of a longi- 
tudinal bar of metal, we may thus represent the law : 
the weight which, if applied for extension, will in- 
crease the intervals between particles in the proportion 
1:1+^, or which, if applied for compression, will 
diminish the intervals between particles in the pro- 
portion 1 : 1— ^'j must be the weight of a similar bar 
of the same metal whose length is L.z (where i is a 
given length or modulus, peculiar to the metal). Adopt- 
ing for malleable iron as engineer's data (rather un- 
certain), that a weigLt of lib. or S'6 cubic inches of 
iron will extend an iron bar whose section is 1 square 
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inch by g^ooOOOO °^ '^^ length without injuring its 
elasticity, the weight of a length Lz inches of a 
eimilar bar, that is, the weight of Lz cubic inches of 
iron, will extend it by the fractional part 
Z^ 1 

MaVmg this = a. we have i = 3'G x 24000000 inches 
= 86400000 inches = 7200000 feet. Then an exteosiou 
of the space occupied by given particles in the pro- 
portion 1 ; 1 + z implies that they are subjected to an 
extensional force equal to the weight of a similar bar 
whose length is r x i, or (for iron) « x 7200000 feet, 
and consequently that they pull with that force on the 
connexions which extend them ; and similarly, mutatia 
mutandis, for a contraction of the space. 

If now the particle, whose distance from origin was 
originally x, is disturbed through X, the particle whose 
distance was x-\-k will be disturbed through 

X + f-h; 

ax 

the space occupied by particles, which was originally h, 
will now be A + ^ A; the space is increased hy the frac- 
tional part -r- , which is to be put for s in the last 

paragraph ; and the particles which were originally in 
the position x are now pulling those on both sides of 
them with a force equal to the weight of a similar bar 
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wliose length is --^ x L. They are therefore pullmg 

the particles in front of tliem backwards, with that 
force. For the particles which were originally m the 
position (c + 1, there is a force palling the particles in 
rear of them forwardB, with the force 
fdX . rf'X/ 



\d£^ dj? 



k]y.L. 



I 



The excess of the latter gives the force really pulling 
the intervening particles forward 

The rasss of matter intervening, estimated in the same 
manner, is k. Hence the acceleration forwards is 

and the equation is 

de dt' ^ dj:' ' 

the solution of which is 

X=<t>(tJiL-x) + ^{tJ^+a:); 
and the velocity of the waves is JffL. 

With the data above given for iron, this velocity is 
15203 feet per second. This value is larger than that 
for any other metah 



of waves of sound through fluids. 
The theory of the transmission of vibrations tlirough 
fluids is embarrassed with a comphcation from which that 
of transmission through solids is iiee. The ordinaiy 
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laws of equality of pressure in all directions apply, 
apparently, in the same manner to those sudden shocks 
which are distributed by pulses similar to those of 
sound, as to those slower communications of motion which 
are transmitted by visible waves We have remarked, 
when in a barge on the sea at some distance from the 
vertical of the spot where a largo quantity of gunpowder 
■was fired at about 60 feet depth, that a sudden shock 
was felt upwards at the bottom of the barge long 
before there was the smallest sign of an ordinary wave. 
Here the shock bad been communicated by molecular 
transmission in the same manner as through an iron 
bar, but with this difference of dispersion, that it had 
diverged through a solid angle. After a wide limit of 
space, remarking that the depth of a sea or lake is 
usually a very small fraction of its horizontal extension, 
it seems probable that the waves of vibrations will 
extend as confined between two horizontal planes. 
Thus, for a distance comparable to the depth of the 
water, the investigation of Articles 50 and .56 would 
nearly apply ; for greater distances, that of Article 44 
would appear to correspond better to the circumstances. 
In either case, however, as appears from Article 50, 
the velocity of the wave will not sensibly differ from 
that of a wave transmitted longitudinally through a 
uniform cylinder. The amplitude of vibrations at a 
distant point will be diminished, but much less under 
the hypothesis that the waves diverge as between two 
parallel planes, than if the waves diverged, through 
their whole course, into three dimensions. 
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I THE VELOCITT OP SOUND, AND 

OH THE PRESSURE ACCOMPANTINQ ATMOSPHERIC 
WAVES ; AND COMPARISON OP THE EXPEKIMENTAL 
RESULTS WITH THE RESULTS OP THEORy. 



63, Recapitutation of the theoretical results for tke 
velocity of Soand in Air. 

It baa been found, in Article 24, that the velocity 
of sound in a cylinder is nS x 916'2722 feet per second; 
where n ia a constant (Articles 15 and 16) depending on 
the increase or diminution of the elastic force of the 
air produced by sudden compression or expansion, to 
which we have assigned the probable value 1'2; and 
where ia a factor depending on the temperature of 
the air during the experiment, and represented by V© 



J- 



'450 + reading of Fahrenheit's thermometer 
482 



(Articles 14 and 17). Converting the formula into 
numbers, we have the following table of the theoretical 
velocities of sound ; 



Theoretical Velocity of Sound, at different temperatures 
of the air as iridioated hy Fahrenheit's Thermometer. 



Temp. 


Velocity. 


Temp. 


Velodly. 


-40° 


101 4-1 


32* 


1099-fl 


-30 


1026-4 


40 


1108-6 


-20 


1038-5 


50 


1119-9 


-10 


1050-5 


60 


1131-1 





1062-4 


70 


1142-2 


10 


1074-1 


80 


1153-0 


20 


1085-r 


90 


1163-8 


SO 


1097-2 


100 


1174-5 



d 



The only source of uncertainty in these numbers is 
the uncertainty on the value of n, (see Article 16), The 
numerical coefficients given by different theorists are 
sensibly different, and we are yet ignorant whether the 
value of n depends on the temperature of the undis- 
turbed air. 

It appears from Article 39 that the velocity of a 
plane wave of air is the same as that of a wave in a 
cylinder: and it appears from Article 50 that the velo- 
city of a divei^ent wave is sensibly the same as that of 
a wave in a cylinder. 



6i. Methods iiaed for determining the velucity of 
Sound, 

In the greatest part of the experimenta, the obser- 
vations have been those of the flash and the report 
of a distant cannon. The flash, and the first disturbance 
of air by the emission of gas. occur bo nearly or exactly 
at the same instant, that no sensible error arises from 
the difference in the nature of these two phenomena. 
The same observer observes both phenomena with the 
same watch or clock ; and, if the distance of the gun be 
several miles, there is ample time for the observer to 
write down the observation of the flash before preparing 
himself for the observation of the sound. All these 
circumstances are very advantageous. The gun is 
usually pointed towards the observer, and it seems pro- 
bable that this circumstance may slightly accelerate the 
pulse of air in the beginning of its course, but possibly 
by a few feet only, corresponding to an imperceptible 
error of time. 

But there is a physiological circumstance, the effects 
of which have hitherto escaped notice, but which pro- 
bably produces a sensible error; it is, that two different 
senses (sight and hearing) are employed in the observa- 
tion of the two phenomena, and we are not certain 
that impressions are received on them with equal speed. 
Indeed we believe that the perception of sound ia slower 
by a measurable quantity, perhaps 0''2, than the per- 
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ception of light; and this may affect the result with an 
error amounting to some hundreds of feet. 

We should much prefer a plan of observation in 
which two observers observed, in the same manner, the 
time of the sound passing two stations. By using 
signals given reciprocally from two stations beyond 
both the observing stations, it will be easy to obtain 
a result for the time of passage of the sound, inde- 
pendent of the habits of each observer, independent 
of the difference of the indications of their time-keepers, 
and independent of the velocity of the wind. (The 
reader will verify this without difficulty, by putting 
algebraical symbols for the different elements just men- 
tioned; when it wiU he found that, on taking the mean 
of the two apparent times occupied by the passage of 
sound, according as the gun at first station or at second 
Btation is used, those elements disappear.) A process of 
this kind is employed in the measurement of higher 
velocities, as the velocity of the galvanic cun-ent in 
a telegraph-wire. 

Difficulties have sometimes been experienced, by 
persons not familiar with astronomical practices, in the 
estimation of fractions of a second of time. To avoid 
these, a timepiece was employed in the Dutch experi- 
ments to be mentioned below (perhaps, on the whole, 
the best which had been made before those of M. 
Begnault) in which the mption, being regulated by a 
pendulum revolving in a conical form, was free from 
the jerks of a common clock, and the index could be 
etopped at any fraction of a second. 
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■ A most elaborate seriee of experiments by M. V. 
Begaaiilt is publishGcl m tbe Mimoires de FAcad^mie 
dee Sciences, tome sxXTll., occupying 575 pages. The 

most important were made in tubes prepared for con- 
veyance of gas and water in the neighbourhood of Paris : 
these tubes varied in diameter from 0108 rattre to I'lO 
mfctre, and in length from 961 to 4886 mfetres. The 
general principle in all was, to cover the near end of 
the tube with a firm plate (excepting in some early ex- 
periments), in which was a hole through which a pistol 
barrel was thrust ; and a charge of powder, or some- 
times a large percussion cap, was fired. The distant 
end of the tube was covered with a sheet of caoutchouc, 
which was made to tremble by the shock of the air- 
wave : sometimes it produced a reflexion to tbe firm 
plate, and from it to the caoutchouc again, &c. The 
pistol -explosion broke a galvanic circuit, and the trem- 
bling of the caoutchouc restored it ; and these galvanic 
effects were registered upon a revolving barrel, on 
which were also registered the beats of a clock and tbe 
vibrations of a tuning-fork. In some experiments, 
laminss of caoutchouc were applied to apertures in the 
sides of the tube at different distances. Finally, ex- 
periments were made in the same way without tubes, 
using the explosion of a heavy cannon. Experiments 
were also made on the velocity of sound through air of 
different densities, and through various gases. These, 
we beHeve, are the only experiments in which there has 
been no reference to human nerves. 
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65. Statement of tite principal Tnodem remits for 


Hie velocity of Sound. 


We confine ourselves, in the following table, to the 




moat tnistworthy experiments made since the year 1S20. 






Authority. 


E:.perin.«,ter. 


in feet. 


Telocity 
in feet. 


Temp. 




Pha. Trana. 1823 




29547 


1089-9 


32° 








13332 


1079-9 


32 






Conn, des Tempa,' 
1825 


Arago and others 


61064 


1086-1 


32 






Vienna Jahrbucli,| 
Vol, VII. 1 


Myrhaoh ajid " 
Stumfer 


32615 


1092-1 


32 






PhU. Trans. 1824 


Moll and Van Beek 


57839 


1089-4 


33 






Camb. Trans. Vol.li 


Gregory 


13440 
9874 


1097 

1085-8 

1U7 


33 
64 
66 






Parry's 3rd Voyage 


Parry and Forater 


12893 


1014-4 
1010-3 
1029-0 
1021-0 
1026-6 
1039-3 
1037-3 
1040-5 
1098-3 


-38-5 
-37-5 
-37-0 
-24-6 
--21-5 
-18-0 

- 9-0 

- 7-0 
+ 33-5 






Mem. de TAcadc-l 
mie, tome 37 ] 


Regnault 


Various 


1118-1 
1085-0 


35 
32 
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The best of these experiments give reaults some- 
what iai^er than those in our theoretical table, 
Article 63 ; some, however, give results rather snmller. 
It aeems not impossible that we ought to have taken 
for n a value very slightly esceeding 12, and also that 
there is some uncertainty in the experiments. 

It ia to be remarked that, except in M. Tlegnauit'a 
experiments, there are no observations sufBcient to 
enable us to apply a correction for the effect of moisture 
in the air. 

M. Regnault's experiments shewed clearly that the 
greatest disturbance produced by a violent solitary 
wave travelled rather more rapidly than that of a feeble 
wave; as may be inferred from the theory of Article 33, 

We ought not here to pass over a curious remark of 
Captain Parry and Mr Fisher, in observations made in 
Captain Parry's second voyage. The stations were so 
near that the human voice could be heard ; and the 
remark was, that the officer's word of command " fire," 
was heard about one beat of the chronometer (or a of 
a second of time, we believe) after the report of the gun. 
The instance is quite singular. Mr Eamshaw has sup- 
posed it possible that the phenomenon has some relation 
to that acceleration of the wave which occurs when the 
displacement of particles is very large (see Articles 32, 
33, 34). But we cannot imagine that the acceleration 
could ever amount to a space of 200 feet ; and in any 
case we imagine that when the accelerated lai^ dis- 
turbance came up with the small disturbance, the two 
diaturbancea would he merged into one. 



It appears to us more probable tbat the plienomenon 
is physiological. We have often remarked that, when 
the report of a gun or any other violent and sudden 
noise is heard, it is preceded by the perception of a 
shock through the bodily frame, the interval in time 
being a large fraction of a second. From the voice, 
there would be no sensible shock ; but the shock from 
the cannon-explosion might be sensible, and might pre- 
cede the auditory perception of the report by a time 
sufficiently long to present itself to the observer's mind 
before the auditory perception of the voice. 



66. Comparison, with theory, of the observed presavre 
accompanying an atmospheric wave: the pendulum. 

The only experiment which is sufficiently delicate 
to give a measure of the pressure of a wave is the obser- 
vation of its influence on the movement of a pendulum 
whose bob is a sphere. And the reasoE why this ex- 
periment is so delicate is, that the effect of the pressure 
of the wave is to lengthen the time of every vibra- 
tion ; and though its effect on the time of a single 
vibration would be undiscoverable, yet its aggregate 
effect on the total time of a great number of successive 
vibrations is very conspicuous, and very little doubt 
exists as to the accuracy of the results found from it. 

Eeferrin^ to books on Mechanics for descriptions 6f 
the methods by which the length of a pendulum to its 
center of oscillation is accurately meaBured and its time 
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of vibration is accurately observed, it is only necessary 
here to remark: that for different pendulums swinging 
in a vacuum, whatever be the materials of which they 
are composed, an invariable relation exists (at a given 
locality) between the length of the pendulum and its 
time of vibration : but that, in the far greater number 
of experiments, the vibrations have been observed not 
in a vacuum but in air; and that therefore a numerical 
correction to the observed time of vibration of each is 
necessary, in order to produce the time of vibration which 
would have boon observed in vacuum. In the reduction 
of all the earlier pendulum-observations, the numerical 
correction was computed on the supposition that the 
sole effect of the air was, to diminish the active weight 
of the bob by an absolute quantity equal to the weight of 
the displaced air, and therefore to diminish the effect of 
gravity by a proportional part represented by a fraction, 
whose numerator ia the specific gravity of air and 
whose denominator is the specific gravity of the pendu- 
lum-bob. 

But it was found in the present century {in the first 
instance, we believe, by Bessel) that vfhen different 
pendulums composed of different metals were treated 
in this way, they gave discordant results; the relation 
between the pendulum's length and its corrected time 
of vibration did not hold uniformly. In all cases it 
was necessary to apply a larger numerical correction 
than that given by the rule which we have just stated. 

Experiments therefore were made, principally by 



M, Bessel in Prussia, and Mj F. Baily in England, in 
order to discover how much the original correction ought 
to be increased. (Observations, not applying to the 
spherical form, were also made by Captain Sabine.) In 
some instances, spheres of different substances were 
used in the same state of air ; in other instances, the 
spheres were not varied, but the density of the air was 
varied by conducting the experiments in a close case 
from which the air was partially exhausted by an air- 
pump. The results were the following ; 

Bessel, by comparing the vibrations of a sphere of 
brass and a sphere of ivory, in common air, found that 
the old correction ought to he multiplied by 1'95. 

Baily, by comparing the vibrations of a sphere in 
common air with the vibrations of the same sphere on 
the same mounting in vacuum, and applying the same 
process to different spheres, found for the factor : with 
spheres liineb in diameter, platinum 1"8S], lead 1'871, 
brass I'SIM, ivory 1'872; with spheres 2 inches in 
diameter, lead 1-738, brass 1'751, ivory l'75o. 

Now, in Article 54, corrected by the considerations 
cited in the latter part of Article 57, we have found, as 
the theoretical result of considering the spherical wave 
with oscillating centre, that the old correction ought to 
be multiplied hy 1-72. 

We consider the agreement of the observed and the 
tbeoretical results as being as good as, under all the 
experimental circumstances (especially with the hmita- 
tion of the surrounding space of air), could be ex- 
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67. Remarks on whispering-gaUeries. 

We have called attention in Article 59 to the diffi- 
culty in the theoretical treatment of reflesiona of waves 
of air at curved surfaceB. The effect of what is usually 
called a " whiapering-gaUery " is included ia thia case ; 
and we can therefore offer only a popular and imperfect 
account of it. It will be remarked that the theory of 
reflexion of waves of air from a plane surface is perfect; 
and in a hemispherical dome of very large dimensiona 
the curvature is smnll, and we may expect the theory of 
plane surface to apply with some degree of approxima- 
tion. Suppose then a series of sound-waves to issue in 
a divergent form through a not very large angle from 
the speaker's mouth. Different parts of this eeries, 
following different radii of divergence, will meet the 
slightly-curved dome-aurface at different distances: hut 
each part will then he reflected in such a direction that 
it again meets the surface at successive points of con- 
tact after successive equal chords; and, for each part of 
the series, all these chords are in such a plane that, for 
each part of the series, the reflexions tend towards the 
point of the hemisphere opposite to the speaker; to 
which point there ia consequently a general convergence 
of reflexion- paths. Moreover, though the lengths of 
the chorda are different, yet for each part the polygonal 
sum of chords diffei's little (perhaps a foot or two) from 
the curved line on the dome-surface, and therefore the 
different waves from different parts meet at that op- 



posite point in nearly the same phase. Hence they 
produce by their unioii a sound-wave of considerable 
intensity. 

It is proper to remark that the peculiar sound of a 
whisper is not required for exhibition of the effect ; low 
articulate sounds of musical character are reflected in 
the "whispering-gallery" with the same perfectneaa as 
a genuine whisper. 



fl8. Experimeitts on the velocity of Sound through 
gases. 

It is impossible for us to form an atmosphere of 
lij'drogen gas or of carbonic acid extending several 
miles, and therefore it is impossible for us to experiment 
on the velocity of sound through gas in the same way. 
as through air. To explain the process wfiich has been 
auccesafully used, we must here anticipate the results of 
a subsequent section. It must be understood then that 
when an organ-pipe is sounded in the usual way, the 
frequency of sound-waves which it produces depends 
upon the time occupied by a wave's travelling from one 
end of the pipe to the other {or, in certain cases, tra- 
velling twice the length of the pipe) ; and it must also 
be understood that every definite frequency of sound- 
waves produces a definite musical note to the ear. Con- 
sequently, with a given organ-pipe, the musical note 
produced will depend on the velocity of the wave's 
travel ; and the accurate observation of the musical 
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will give accurate information on that velocity. It is 
only necessary therefore to indoae an organ-pipe in an 
atmosphere of the gas upon which it is desired to ex- 
periment, and to adapt to it apparatus for blowing the 
gas in the same manner in which air is blown for the 
ordinary sounds of the organ-pipe, and to remark tht- 
note which it produces ; the relation of this note to the 
note which the same pipe produces in air, interpreted 
with reference to the theory of musical tones, which we 
shall explain in a subsequent section, gives the propor- 
tion of the frequencies of sound-waves in the pipe, and 
the proportion of the velocities of the wave's progreas, 
in the gas and in air. 

Thus the experimental numbers in the following 
table have been obtained (Dulong, Memoires de tin- 
stitut, Tome x.). Instead of giving the actual velocity 
of sound in each gas, it has appeared more convenient 
to give the proportion of each velocity to the velocity in 



Kune uf Gas. 


Projjortion of 
apeciGc gTarity 
to that of air. 


portion of sound- 

vel..oityin^a»to 

tliat in air. 


portion of bdudiI- 

velncitiiDgaato 

that in tur. 


Oxygen gas 


1-1026 


0-9523 


0-9525 


Hydrogen gas 


0'0688 


3-8125 


3-8133 


Carbonio acid 


1-524 


0-8100 


0-7855 


Oxide of carbon 


0-974 


1-0133 


1-0132 


Oxide of azote 


1-527 


0-8092 


0-7865 


Olefiiint gaa 


0-981 


10096 


0-9439 
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air at the same temperature. The theoretical propor- 
tions of velocities are computed by the formula of 
Article 00. 

The defect in the observed velocity in carbonic acid, 
oxide of azote, and olefiant gas, iiidicates a value of n 
(Articles 16, 21), smaller for those gases than for atmo- 
spheric air. This circumstance is connected with a 
chemical theory of " specific heat," for which we refer 
the reader to treatises on Modern Chemistry. 

M. Regnault found from direct experiments in tubes, 

Hydrogen 3-801 

„ , . , ., (0-7H48 

CarbomcAcd J^.^^^^g 

Oxide of Azote 8007 

Ammoniacal gas] oo-n 

sp. grav. 0'59G J ' 



solid bodies. 



on the velocity of Sound through 



It is easy to perceive the difference in the velocities 
of sound, as transmitted by the air, or as trausmitted by 
metals (where the portions of metal are united by solder, 
&c. ao as to form a continuous piece of gi'eat length, or 
where their parts are forced into firm contact by con- 
siderable tension). "We have remarked, for instance, 
that a strong chain, lying upon a long and steep incline 
of a railway, transmits sound well. If the chain is struck 
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at OHO end, and an observer at the otiier end applies 
his ear to it, be will perceive two sounds ; the first 
conveyed by the metal, the second (which travels more 
slowly) tratismitted by tho air. It wm in this manner 
that Biot {TraiU de Physique) mado experinienta on a 
length of 9-51 mfetres of cast iron pipes, from which be 
concluded that the velocity of sound in iron is 10-5 
X velocity of sound in air; and Wertheim (Poggendorf, 
Ergdmungske/t ill.), using 4067'2 mfitrcs of telegraph 
wires, found a velocity of 3485 metres per second, 
which differs little from Biot's. 

Attempts however have been made to meaGure the 
velocity by experiments on a small scale (see Wertheim, 
AfiTialesde 6'Atmie, 3"'°stirie, Toraexil.). "Without going 
into details of complicated apparatus, we shall state 
that, by reference to musical note (as will be mentioned 
io a subsequent Section), the rapidity of vibration of a 
tuning-fork is known; and that this can bo exhibited 
by scratches which it makes on a glass surface moving 
under it, slightly covered with lamp-black. Transversal 
vibrations of a given bar. treated in the same manner, 
were made comparable with the tuning-fork -vibrations ; 
and longitudinal vibrations, in like manner, were made 
comparable with the transversal vibrations. The time 
occupied by a longitudinal vibration was held, as that 
of air in an organ-pipe (hereafter to be mentioned), 
to be the time in which a wave passed through the 
double length of the bar. Thus the velocities, as com- 
pared with that in air, were found for different metals ; 
the highest being that of iron, 15-108 ; the lowest that 
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of lead, 3-974. Experiments were made at the same 
time on the extensibility of the metals ; these, inter- 
preted by the theory of Article 61, gave for velocities, 
in iron, lo-472, in lead, 3'661 ; differing little from the 
former, 

A more remarkable method, however, has lately 
been introduced (see Kundt, Poggendorfs AnnaUn, 
Vol. 127). If a bar of metal, &c. be chafed, it is put 
into longitudinal vibration ; and if its end can-y a light 
piston, which nearly fits without touching the inside of 
a glass tube, vibrations of the same period will be 
excited in the air within the tube, and the lengths of 
the waves of these vibrations may bo made visible by 
scattering a very light dry dust in the interior of the 
tube, which dust collects in little heaps in those parts 
of the tube where the air has no motion (Article 58), 
and the corresponding length of the wave of air is there- 
fore known. In this manner, the length of wave in the 
metal, &c. (which is the double length of the bar), !s 
immediately comparable with the length of wave of the 
same period in air; and when the periods are equal, 
the velocities of the transmission of waves are in the 
same proportion as the lengths of the waves (Article 
30). Thus the following proportions of the velocities 
of sound-waves to the velocities in air were found : — 

in steel, 15-31; 

in glass, 15-2a; 

in copper, H'96; 
:in brass, ltt87. 
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Tlie velocity of sound in a stretched wire, confined 

at its ends, may be found by chafing it longitudinally 
and observing the musical tone which it produced ; the 
number of waves corresponding to that tone being 
known (Article 94, below), the double length of the 
wire must be multiplied by the number of waves. 

The velocity of sound through wood Las been found 
in the same way. Along the fibre, it varies from 10900 
to 15400 feet per second ; transversally across the rings, 
from 4400 to GOUO ; and transveraally along the rings, 
from 2600 to 4600 (Wertheim, Mhnoirea). 



70. Experimenta on. the velocity of Sound through 
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A most important series of experiments was made 
by MM. CollailoQ and Sturm, for ascertaining by 
direct observation the time occupied by sound in pass- 
ing through the water of the lake of Geneva (Annates 
de Chimie, Tome 36). The method adopted was, to 
suspend a large bell in the water, and to strike il with 
a hammer ; at the place of observation, a tube was in- 
serted in the water, having a large spoon-shaped orifice 
at its lower end, turned towards the origin of sound, 
and having a conical form at the upper end, terminating 
in a small hole to which the observer's ear was applied. 
The sound of a bell, weighing 500 kilogrammes (J ton), 
sunk 3 mfetres (10 feet) deep in the water, and struck by a 
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man with a h.immev weighing 10 kilogrammes (22 lbs.), 
was heard very well at the distance of 35000 metres 
(nearly 22 miles). But the experiments which they 
were enabled to carry to the greatest extent were made 
with a hell only 7 decimetres high, suspended 1 m^tre 
deep in the water, with a striking apparatus so arranged 
that at the instant of striking the bell it fired some 
gunpowder ; the observer was'stationed at a distance of 
13487 mfetres (44250 feet, or more than 8 miles). The 
velocity found was 1435 m&tres or 4708 feet per second. 
The temperature of the water was S"'! centigrade. 

Experiments made by the same philosophers on the 
compressibility of water gave, for the compression pro- 
duced by the weight of one atmosphere, 49 '5 millionth' 
parts of the whole. From this, using formula similar 
to those of Article 02, they inferred a theoretical velocity 
142S metres, agreeing well with that which was observed. 

Wertheim {Annales de CMvite, 3rd series, Vol. 
XXIII.) has attempted an experimental determination of 
the velocity of sound in water by the same method 
which we have described above (Article 68) as applied 
to various gases, namely, by immersing an organ-pipe 
in water, and forcing the water through it in the same 
manner aa air; a sort of musical tone was produced, 
sufficiently good to have its pitch recognized. The 
velocities found for water of the Seine varied from 1173 
metres to 1480 mfetres per second ; all much inferior to 
those found by the direct experiment. To reconcile them, 
Wertheim supposed that the velocities in a column of 
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water and in an unlimited space of water are not the 
same; an idea which we do not accept. Among possible 
causes of the difference, we might suggest the yielding 
of the sides of the tube when pressed by the vibrations 
of a dense liquid; the yielding would be insensibly small 
when the vibrating ma^ was air or any other gas. 



"We are not aware that any attempt has been made 
to determine by measure the amplitudes (see Article 30) 
of the vibrations of particles of air in a "Wave of Sound. 
It appears probable that they are extremely small. The 
sound of an ordinary tuning-fork (Article 71) held close 
to the ear is very loud, but its vibrations are invisible 
to the eye. They have been made sensible, in Professor 
Tyndairs experiments, by reflexion of light. 



ON MUSICAL SOTTNDS, AND THE MANNER OF 
PRODUCING THEM. 



71. TJie characteristic of the disturbance of air 
which produces on the ear tJie sensation of a musical 
note is, the repetition of similar disturbances at equal 
intervals of time; the greater rapidity of repetition pro- 
ducing a note of higher pitch. The Tuning-fork, the 
Siren, the Reed, the Monochord. 

Where raoveraeat of the air is produced by move- 
meat or mechanical shock of solid bodies, or even where 
it is produced by gaseous movements similai' in their 
nature to those of solid bodies, we are able to trace 
their soniferous effects with great precision. And thus 
we soon arrive at the difference between noise and 
viimcal sound. If a cart-load of stones is emptied upon 
a hard road, it produces noise. Thunder is a noise. 
An axe or a hammer striking a tree produces a noise. 
The firing of a gun (that is, the sudden development 
of gas from a firm tube) produces a noise. In all these 
cases, there is either a single shock of the air, or (as in 
thunder) an irregular repetition, at sensible intervals, 
of single shocks, each of which may be considered as 
generating a solitary wave, such as is treated in Arti- 
cle 31. 



CHABACTERISTICS OF MUSICAL SOUNDS. 



But if any repetition be made, either hy periodic 
shocttB upon a bard substance who^e agitations produce 
agitations in the air, or by periodic interruption or modi- 
fication of a current of air, — provided that such shocks or 
interruptions be similar in character and uniform in in- 
terval of time, and provided also that the frequency be 
included within certain very wide limits (from about 30 
in a second of time to about 10000 in a second, or even 
through a wider extent), — then a musical note ia pro- 
duced. The more rapid is the succession of shocks, &c. 
the higher is the pitch of the note. 

It ia said that Galileo first remarked the production 
of a musical note by the repetition of unmusical shocks, 
on passing a pen rapidly upon the milled edge of a coin, 
which made a small snap at every roughness. The 
experiment has often been repeated by snaps of a quill 
upon the teeth of a wheel in rapid motion. But the 
instruments which give the moat aatiafactoiy evidence 
of the truth of the assertion are the following ; 

(1) The tuning-fork, described in Article 49, In 
every elastic metal, when it is disturbed from a form of 
rest, in a definite manner, the force tending to restore it 
to its original state is exactly proportional to the extent 
of displacement ; a state of things represented by the 

differential equation -^ = — j4' . a ; and then the law of 

displacement as connected with the time is accurately 
a law of sines; the solution of the equation being 
z = B.sm(At+0). 
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Here it is certain that the vibrations of air whicb are 
communicated to the ear follow the simple law of sines, 
but the rapidity of the vibrations is not ascertained, 
The note of the tuning-fork strikes the ear as being 
remarkably puro. 



(2) The Siren. Suppose a flat disk, pierced with 
a great number of boles at equal distances round its 
circumference, to be so placed that the nozzle of a bel- 
lows can blow directly through any of the boles when 
by the rotation of the disk the hole is brought under 
the nozzle; and suppose that the disk is made, by 
clock-work, to rotate with a great speed which is regis- 
tered by the clock-dials. Here we have a cuiTent of 
air interrupted very frequently, and at proper speed a 
powerful and sweet musical note is produced. The 
power is increased if, instead of having a single outlet 
of air, a plate similar to the rotating disk and having 
the same number of holes ia firmly fixed near it, and 
the air is driven through these holes; so that, instead of 
a single current of air frequently created and inter- 
rupted, there are a great number of simuttineous cur- 
rents of air frequently created and interrupted. By 
observing the character of the note produced, as known 
to musical ears, and by registering the number of 
curreat-intemiptions, it is found that corresponding to 
the note c, which ia that of the white key on the left of 
the two black keys usually next on the right of the lock 
of a pianoforte, and which note ia thus written 
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-r 

the number of current-interniptions is, in modern music, 
528 in a secoud of time. (On variations of this num- 
ber we shall speak hereafter.) 

(3) The Reed. This instrument, in its ruder form, 
(Figure 12), cousista of a small pipe iaserted in a larger 
pipe into which air is driven; the only outlet for the 
air in the lai^e pipe being through thej small pipe ; 
and the only way by which air can enter the small pipe 
being by a long aperture that is closed by a thin plate 
or tongue of elastic metal which has a tendency to 
stand slightly open, leaving a narrow opening opposed 
to the incoming current of air. As soon as the current 
is strong, it claps the tongue close; the elasticity of 
the tongue opens it; it is clapped again, &c. The 
times of vibration of the tongue are uniform (depending 
on its elasticity), and a musical note, of rather harsh 
character, is produced. In the more refined Reeds, the 
tongue vibrates through an aperture without touching 
the sides, and then produces a sweeter musical note ; 
this is the construction used in all instruments of the 
class of the harmonium. 

(4) The Monochord, or single stretched string. 
This has usually been made, for experimental purposes, 
as a single wire, fixed at one end, passing over two 
bridges, and stretched by a weight at the other end 



When it is wished to keep the wire in a horizontal 
position, the wire may either be led over a pulley, or 
may be attached to one arm of a rectangular lever, the 
other arm carrying the weight. But, if a vertical posi- 
tion is admissible, it is suiBcient to suspend a weight 
freely to it (as the vibration of the weight corresponding 
to a small vibration of tho string is, in practice, quite 
insensible), care being taken that the wire is tightly 
nipped at the top and bottom. When such a wire is 
plucked aside and allowed to vibrate, it gives a musical 
note: the pitch of the note does not depend on the 
place of plucking it, but the quality of the tone does 
depend on it. Upon measuring carefully the length 
of the wire, the weight of the wire, and the weight 
which stretches it, the number of vibrations made in 
a second of time can be computed (the theory of this 
will be given below). If the extending weight or the 
length of the string be altered by trial till the stiing 
gives a definite note, for instance, the c mentioned above, 
then it is found that the calculation gives the same 
number of complete vibrations (a motion backwards and 
a motion forwards being understood to mean one com- 
plete vibration) as the number of passages and inter- 
ruptions of air in the experiment with the Siren. 

Al! these experiments prove that the formation of a 
musical note depends on the repetition of similar dis- 
turbances of the air at equal intervals of time ; but only 
those of the Siren and the Monochord give the means 
of computing the frequency of vibrations for an assigned 
musical note. 



72. T}is quality of a musical note is deiermined 
by the form of the Jimction which expresses the atmo- 
spheric disturbance. 

The investigations of Articles 21, &c, 44, &c., 50, &.e^ 
have given us expressions for the displacement of the 
particles of air in the propagation of sound, in all cases 
represented by iP{at — x) or by a multiple of i^{at — x), 
where the form of the function ^ is undetermined. In 
the Partial Differential Equations, Article 22, it is 
shewn that, algebraically, the function may be in any 
way discontinuous; and in Article 28, above, are ex- 
plained the only limitations that physical considerations 
appear to impose on the generaUty of discontinuity. 
We have now another limitation, namely, that the func- 
tion must be periodical (producing similar disturbances 
of the air after the repetition of equal intervals of time). 
With aU these limitations, however, it will he seen that 
there is a very gi-eat range in the variations which may 
be given to the form of the function. But the condi- 
tion of periodicity gives great facility for the considera- 
tion or the determination of the form. Putting v for 
at—x, and supposing that the equal values of ^[v) 
return when v is increased by X, 2X, &c., it will be seen 
that such a function may be represented to any degree 
of approximation by a series of terms, such as 



L 



47r 



V +&0. 
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whicb are all periodical when v is increased bj a mul- 
tiple of X; whose aggregate may amount to or to 
any assigned value for a given value of v; and in 
which, if we wish to represent n numerical values of v, 
we have only to take n terms, and we are able to deter- 
mine the coefficients, ^j, ^ J, 5,, 5j,&c. (See the Partial 
IUfferential Equations, Article 60, where is explained 
the process of effecting the determination so as to repre- 
sent both 0(u) and ^'{v)). Adopting then this form, 
it appears that we may have any of the following forms 
of the function : — 



^.sin 



27r 



-■S.< 



t-JT 



which goes through its changes only once while v in- 
creases by \: (This appears to be the function for the 
tuning-fork.) 



47r 



477 



A sin — - « -f- B COB - - 



which goes through its changes twice while v increases 
by X: 

Similar terms which go through all their changes 
three times, four times, &c., while v increases by X: 

Any combination of these terms. 



Now if wo consider the first of these functions as 
representing the simple form of that disturbance which 
produces in the ear the sensation of the fundamental 
tons, then the second of these functions will represent 
vibrations recurring twice as frequently, which we shall 
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find to be very important in music, as representing the 
octave above the fundamental tone; the third will give 
the twelfth above the fundaniental tone; the fourth will 
give thfi double octave above the fundamental tone, &c. 
These notes have usually been called collectively the 
hamwnics of Oie fundamental tone. (Professor Tyndall 
has lately advocated the use of the term overtones, de- 
rived from the German.) 

It appears then that every musical note may he 
represented by a combination of the fundamental tone 
and its harmonics in some proportion. It seems that 
only the note produced by the tuning-fork is confined 
to the first term or fundamental tone*. It seems 
probable (from consideration of the mechanical move- 
ments), that the ancient Beed requires the supposition 
of a great departure from the simple law of sines, which 
implies the introduction of large terms of the higher 
harmonics, greatly impairing the effect of the funda- 
mental tone. In the case of vibrating wires, we know 
from the mechanical theory (to be given hereafter), that 
there is always a mixture of harmonics with the funda- 
mental tone; the character of the mixture depending 
on the point of the wire at which motion is given to it 
by the finger or the key. 

The pure fundamental note, as given by the tuning- 
fork, is sweet, but somewhat inanimate. Kicbness is 

* It is possible, hy an injudidoua blon, to produce n different Wbra- 
tjon of the tunmg-fork, with > very high tone, but it quielilj dies away 



given by an admixture of the two or three first har- 
monics. 

We shall see hereafter (Article 104}, that upon the 
quahty of the note or the form of the functiou depends 
the formation of vowel-soimda. 



73. Theory of the vibrations of a musical string. 

We shall take for unit of weight, the weight of 
length 1 of the vibrating wire. Let the length of the 
wire between its two points of fixation be I; and let the 
tension, expressed by a weight referred to the unit 
above mentioned, be L. We shall suppose the wire to 
have a small elasticity, bo that, in the exceseively 
minute increase of length produced by pulling it aside 
for vibration, its tension will not sensibly differ from X. 
For any point of the wire, let x be measured in the 
straight line from one fixed end towards the other, and 
let y and 2 be rectangular ordinates measured from that 
line; j and e are then the displacements of the point 
of the wire, produced by the vibration. 

For the point whose abscissa isx — h, the other co- 
ordinates are y— -, h, and z — -r'hih being indefinitely 

small). Hence the two points a; and x~h are at 
opposite angles of a parallelopiped, whose sides 



■ dx^ dx 



h, and whose diagonal (in the direction 



that portion of the wire) is sensibly equal to A. There- 



the I 

are I 

a of I 

ere- I 
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fore the resolved tensions on the point x produced by 



the antecedent part of the wire are i 



tA^ 



in the direction y, aim — j^-j-u 

like manner, using x + k for x, the resolved tensions 
on the point x-\-k produced by the following part of 
the wire are respectively 

+ L (~ + . ^ . :^ ] in the direction y, 

and 

+ L (j- + -7^ . ] in the direction z. 



[ 



The real forces, therefore, tending to move the length 
k from the axis of x, are 



and 

The mass moved is k. 

Hence, putting a' for gL', 

^z _ J ^z _ , (fa 

As these two equations are independent and pre- 



' In tha Partial DiferenlicU Eqvalioni, p. 46, line 3, read "whers 
=gL," A. type haa dropped. 

H2 



cieely flimilar, it will be sufficient in the first place to 
examine one only in detail. A portion of the following 
will be found in the Partial Differential Equations, 
pages 46, &c. 

The solution of the second equation is, 

£=^(al-x) +^{at + x). 
For every value of t, this must = when x = 0, and 
also when it: = l, inasmuch aa the string is fixed at these 
points. Therefore, putting successively for x the values 
and /, 

4.{at)+f{at)=0, 
tl>{at-l) + ^{at + l)^0. 
We shall call these the terminal equations, 

Since the first equation must hold for every value of 
(, 1^ must = — ^; and the second equation is changed to 

^{at-l)~4>{at-\-[)=0; 
and this equation must bold for every value of t, and 
consequently for eveiy value of a( — t Put q iotat — l; 
then, whatever be the value of j, 

That is to say, the form of tf> must be such that the 
value of the function is the same when the quantity 
under the bracket is increased or diminished by 21. In 
other words, the function must be periodical, going 
tlmjugh its changes while the quantity which it affects 
is changed by 21. Or, 

Z = i}>{al-x) — <ji(at + x), 
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where the function if> is periodical, going tlirough all its 
changes aud returniDg to the same value while the 
quantity in the bracket is altered by 21. 

In like maooer, 

y = >;(a(-a;)-x(a(+ar), 

where the periodic character of ;( is similar to that of ^, 
but where there is no conDexion between the forms of 
the functions ^ and ;^. 

In both these expressions, for a given value of x, the 
functions go through their periodic changes while at is 
increased by 2?, or while t is increased by 

2/ 2^ 

Hence the time of complete vibration, both in the direc- 

2/ 
tion of y and in the direction of z, is ,, , > ; a calculable 

quantity, and which has been calculated in experiments 
made for ascertaining the frequency of vibrations corre- 
sponding to a recognized note. 

It appears from this investigation that the vibra- 
tions of a wire fixed at both ends necessarily recur at 
equal intervals of time, and therefore necessarily pro- 
duce a musical note. 



The effect of the combination of tha values of y and 
K for any special value of x deserves notice. For all 



, tH — , &c., the value8 of y are tiie 

21 
same. For all the same times t,t + — , &c., the values 

of z are the 8ame, though generally different from thoae 

of y. Hence, for all the times t, t + — , &c., the point 

of the wire mil be in the aame position in the plane xif, 
changing however its position in the intermediate time. 
Therefore the point of the wire will constantly describe 
the same orbit in the plane xy. This has been ren- 
dered visible by allowing the sun-light to pass through 
a narrow chink in the plane acy, and to illuminate a 
point of the wire. The orbit described by the point is 
sometimes very simple and sometimes fantastically com- 
plex. It is thought to he not improbable that these 
differences depend on the skill of the musician who 
excites the vibration, and that they produce different 
qualities of the note. 



74. Nature of the vibrations of a musical string as 
d^ending upon its initial circumstances. 

For the moment, put 6 for the quantity affected by 
the functional symbol 0. It appears that 0{^) is a 
periodical function, never infinite in value, never chang- 
ing its value by a saltus with actual disruption of 
values, and goipg through all its changes while 8 is 
changed by 21 Such a function may always be repre- 
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sented by a snfficieDt number of integral powers and 

products of flin-i- and cos-j-; and these powers and 

products may be converted into simple sineB and cosines 
of multiples of 0, Hence the function ^ [ff) may be 
represeuted by 



H- 



I 



I . 



and, putting at—w for $ in order to represent the first 
term in the expression for z, and at + x for 8'm order to 
represent the second term, 



i-tiA.. 



r (»'-») ] 



+ S(2j.,„„,?!i^l 



-lU... 



rial + x)\ 



I i 



» = -S(2. 



. rnrx\ 



L 



which satisfies the general equations and the terminal 
equations. 



Then the value of -,- is 



vte-^ 



Put ^and Z' for tlie values o 
then 



^— sK«"T)- 






-)■ 



Now when Z and Z' are actually given in an aTg« 
braical form, the values of A^ and B^ may be found by 
the following process. Multiply the given expression 

for Z by sin — ^ — , m being any integer, and integrate 

from a! = to 3; = ?; let S„be the valne of the definite 



i 



integral Multiply each of the terms — 2 J,, 

by sin — j- for the same purpose. When m 
from 71, the product will be 



I 

differs 



- + j4„ . cos - 
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and tbe integral of tliese terms from a! = to x=lis 0. 
But, when m = n, the product U 

2mrx 



-A^.l. Hence 



— A^ + A, C09 - 

whose integral from a: = to 

A similar process applies to the expression for Z. 
It will be interesting to apply this method in some 
specific cases. 

75. Vibration of a string which has been pulled 
aside at the center of its length. 

Suppose the central point of a string to be pulled 
aside through the distance c, and to be then allowed to 
atart from a state of rest. Z' will = at every point, 
and therefore the whole series of terms represented by 
Bn will vanish. 

The expression for Z will consist of two parts. 



2cx 



From x=0 io x = ^, z= -j- 



l 



Multiply the first part by sin —j— , and integrate 



from ir = to x = ^; the integral is 




J 
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Multiply the second part by sin — ?— , and integrai 
from 0! = ^ to a;= i; tlie integral is 
cl niT Zd 

The sum gives 

o c^ /* • 
0_ = — i I -, Bin 



Id . 



And, forming the values of —A^ or -° for each of 

the values n = 1, n = 2, &c., and then completing the 
formula, we obtain. 



'^['""T-r' 






which is the equation for the two sides of the triangle, 
in the form suiting our purpose. 

(The attention of the algebraical student is invited 
to the circumstance, that the equation to two discon- 
tinuous straight lines of limited extent is given by one 
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algebraical expression for the value of the ordinate at 
every point*. The same remark applies in the next 

exampla) 

Introducing the values of A^, A^, &c., into the 
general expression, we have for e, 

8c / , vx irat 1 . Birx S-jrat 

1 , ^irx 5iral . \ 
+ „-; sin — ^ cos — i &C. . 

The principal note (that is, the vibration with the 

largest coefficient) is given by cos— j- , or is the funda- 



' To TBrifj tbis theorem numerioally, wb have aupponBd the hue of 
the truBgle dieided into 36 equal psrU, and have calculated at evary 
dividing jximt the value of the nrdioate from the formula above, nsing 
eight terms of the serieB ; anil hare compared it with the triangular ordi- 
nate. The comparisoD ii tu foUowg (omittiag the factor e, and multiplj- 
ingbj.oo); 

IlMangolar ordinate, 
o, 6, 1 1. 17, 51, 18, 33, 39, 44, 50, s6, 61, 67, 71, 78, 83, 89. 94, 
Ordinate b; forznula, 
o. 5. ' '. >7. »'. »8, 33, 39, 4S. 50, SS. 61, 67, 7". 77. 83, 89, 95, 
{oompariBOD continued), 

1100, 94, Bg. 83, 78, 71, 67, 61, 56, 50, 44, 39, 33, ^8, 11, 17. 11, 6, 0,1 

( 98.95.89,83, 77. 7». 67. 61, 5S. SO. +5. 39. 33. ■'8, 11, i7,ii,S.i>-t 

Ths atudeut will remark in the fonnula of the text ibat at the middle 



of the string, where - 
luiTe an incidental pn 



- , avaiy trigononietrioal term =+1. Thua we 
f of the theorem. 



a 
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mental note. T 

, ,. 2irat 

depeading on cos — j — 

the odd harmonics. 



are none of the even harmonics, 
— j— , &c., but there are all 



76. Vibration of a string which has been pulled 
aside at an excentrlo point. 

Suppose, as an instance, the string to be plucked 

aside at the distance -j from the first point, and to 

be flowed to start from a state of rest. 

As in the last example, the train of terms represented 
by B^ will vanish. To find the values of A, we remark 



that ; from a; = Otoa; = -j-. 2 = 


icx , . 3 
-g^; and from x = - 


tox = l. z = cx(i-y). 




Multiplying the first of the 


se values by sm —j- 


and integrating from a; = to x 


= -: , the integral is 


cl SiTT 4cl 


. SnTT 
sm ^ . 



Multiplying the second value by sin — =- , 
grating from a; = -r to x = l, the integral is 



id 
f-i-i-s 



37i7r 



id . I 

— ,— , sm JITT. ■ 

mr ■ 
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The whole integral, or the eum of the two parts, is 

„ 16c? . 3nT id . 

a. — ^--r-. Bin — ; i— : sin nir ; 

3n'flr" 4 nir 

and therefore 

25, 32c . Snir 8c . 
— 2A or —j— = ■ , = sm — . j— : sin nir 



_32c/l . SnTT 



Giving to n the successive values 1, 2, &c., the 
Talue of s is foimd to be 



1 1 
29^ 



32c f /I . wx 

"V2 

/I 1 . Tira; Vwai „ 1 






Hvat 

.-;- + 



2-irat 



Gtrx 



in which series every 4th term vanishes. When 1 = 0, 
it gives for ^an expression possessiug the same pecu- 
liarity which we have remarked in the first example. 

In this general value for z it will be seen that, while 
the vibration of the largest coefficient ia that of the fun- 
damental note (depending on cos ->— J, yet the first 



L 



even harmonic (depending on cos ~ . j has a conaider- 

able coefficient ; in which respect the instance before us 
differs remarkably from the first example. It is the 
practice, we believe, of all violinists to touch the strings 
of the violin with the bow, not at the middle (as in the 
first example) but at nearly three-quarter-length (as in 
the second example), or even much nearer to the end of 
the string. In selection of the point at which each 
key-lever of the piano-forte strikes its wire, we believe 
that the best makers adopt a similar principle. The 
reason appears to be that, as we have remarked at the 
end of Article 72, a richness which is pleasurable (we 
know not why) ia produced by the combination of some 
of the harmonics with the fundamental note ; and that 
this condition is far better secured, as appears in the 
investigations which we have just made, by the excen- 
tric disturbance of the string than by the central dis- 
turbance. 

In the harp and various other instruments, the 
string is once plucked aside to produce a note ; in the 
piano-forte it is once struck ; in the violin it is. appa- 
rently, pulled aside several times in a second by the 
light touch of the bow, armed with a substance that 
produces sufficient friction. AI! these cases are equally 
comprehended in the theory above. 



MUSICAL STHDJOS AND SOIJNDING-BOARD. 



77. Importance of the connexion of musical sirin/fg 
with a sounding-board. 

It has been seen in Article 48 that in a divet^nt 
oscillating wave of air, euch as we may suppose to be 
caused by the vibrationa of a string, the motion of the 
particles 13 of the order of B, whose first term variea as 
the distance raised to the power — . Moreover, the 

smallness of dimension of a wire makes it impossible 
that it can communicate great motion even to the air 
which it touches. Hence, it is impossible that a wire 
can, by immediate action on the air, produce a sound 
easily audible to a considerable or convenient distance. 
To make it audible, the wire must be connected with an 
intermediate substance whose vibrations can produce 
a stronger effect on the air, and those vibrations must 
be excited by the vibrations of the wire, The inter- 
mediate substance used for this purpose is the sounding- 
board. 

In the violin, the wires pass over a bridge which 
rests by two feet upon the upper board ; and under 
that board, at the place where one foot of the bridge 
presses, is a little post (known by the name of the 
"sound-post" or the "soul") connecting the upper 
board with the lower board. Every tremulous motion 
of a wire of the violin acts directly upon the bridge 
and upon the upper and lower boards ; and the tremon 
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of these produce effective vibrations of the air, and 
diffnae the sound. We know that every thing depends 
on the elastic properties of these boards ; but we know 
nothing of their precise laws of vibration. 

In the piano-forte, the general construction is mtn- 
pler, but the sounding board ia so connected with the 
supports of the wires that it is made to vibrate by the 
vibrations of the wires. 

Though we cannot g^ve a theory which shall apply 
accurately to the motions of the sounding-board, we 
can give one founded on motions which have a certain 
degree of analogy with the motions of the wire and 
Boundiog-board. Consider the wire as a pendulum, 
■whose length is L and weight W, and the sounding- 
board also as a pendulum, whose length is I and weight 
w ; and suppose these two pendulums to be connected. 
When both are displaced through the same space z, 
the pressure -force tending to bring them back is 

^^^^ the mass to be moved is IF-j-w; the equation of mo- 

I tion is therefore 

I W ,w 

I 



its solution ia 

z = .d sin {cl + E), 
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<?=g 



i(c< + 5) 



and the time of a complete vibration, in which si 
goes through all its changes, is 

a ~^y g{Wl+wL)' 

The time of complete vibration of the first pendulum, 

if not connected with the second, would be 2ir . / - . 

Hence the time of vibration m altered, by the connection, 

in the proportion of 1 to . / ™ j . If 2* be the 

time of complete vibration of the first pendulum, and t 
that of the second, supposed to be unconnected, the 
time of vibration of the first pendulum is altered by 

the connection in the proportion of 1 to * /-jfo" — '71 • 

If, in one combination, the first pendulum vibrates in 



T, the connection-alteration is a 






I another combination, it vibrates in ^ , the con- 



nection-alteration i 



I 1 to 



/4ff 

V *» 



Hence 



L 



H't' + wT' 
it appears possible that the frequency of vibration may 
be altered in different proportions for the fundamental 
note and for its harmonics; and the series of sounds 
which reach the ear may not possess the character of 
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harmonics. The pleasurable character of the complex 
Bound will therefore depend entirely upon laws of vibra- 
tion of the sounding-board, which we are unable to 
investigate mathematically, but which perhaps in some 
cases are rudely mastered in practice. 

We may add to this subject that, in the common 
tuning-fork, the separation and approximation of the 
two branches appeal" to produce a longitudinal retrac- 
tion and extrusion of the central fibres of the stalk ; 
and, when the stalk is planted downwards upou a table, 
the sound of the fork is veiy much increased; the 
table acting as a sounding-board. In this manner it 
is commouly used by the tuners of musical instruments. 



78. Theory of the vibrations of air in a 
at both ends. 



In Article 23 we found as the general expression for 
the disturbance of air in a tube (omitting, for conve- 
nience, the factors n and 6), 

X=^{at-x]+-f ((rf + ai) ; 



dX_ 

dt ~ 



(.</)'(ai-a;}+a.-f' {a(-H3!). 



The further treatment of these fonnulie requires us to 
distinguish three cases : (1), that of a tube stopped at 
both ends ; (2), that of a tube open at both ends ; 
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(3), that of a tuLe stopped at one end and open at 
the other. 

When a tube ia stopped at both ends (it being sup- 
posed that adequate means are provided for putting the 
air into a state of vibration) the condition required is. 
that the disturbauce at both ends is U. Let the length 
be I, and let x be measured from one end ; then, exactly 
as in Article 73, 

the terminal equations in this case ; from which it ap- 
pears that y^ = —if>, and that ^ is a periodic function 
going through all ita changes wliile at increaeea by '11, 

21 
or while t increases by - . The number of complete 

vibrations per second will be ^. . Now on comparing 

the expression in Article 23 with the discussion in Arti- 
cle 24, it appears that »0a, for which (with a couveniei;t 
abbreviation) we have here used a, is the space described 
by external sound in one second of time. Hence the 
number of complete vibrations per seooiid of the air in 
the closed organ-pipe is 

velocity of sound in feet pir second 
2 X length of pipe in feet 

In ordinary temperatures the velocity of sound is about 
1090 feet per second (Article 65) ; a pipe 1*03 foot long 
h2 







will give 5'28 vibrations per second ; a number to which 
we shall hereafter refer. 

The periodic function <}>, just as in Article 74, may 
contain terms depending on 

cos trat cos 2irat „ 
sin i am f 

satisfying the original equations and the terminal equa- 
tions, and giving a fundamental note and its harmonics ; 
and, with proper exciting causes, any one of these may 
exist, to the exclusion of the others. For instance, if we 
have a pipe 2'06 feet long, and if we excite the air by 
a disturbance recurring 528 times in a second, it will 

irttt 

~T 
times in a second (which gives the fundamental note for 

that pipe), but will produce waves represented by — j — 

recurring 528 times in a second (giving the first har- 
monic for that pipe). And so for higher harmonics. 

The velocity of a particle, as in Article 74, is ex- 
pressed by 






iwtt . . ntrat mrx\ 

'2n7ra „ '"raf . n-7rx\ 



Now, when the fundamental note alone is sounded, o 
when the only terms employed are those depending { 
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= 1, those terms are necessarily asso- 
ciated with the factor sin -y ; and &om x = to x^ I 

there is no point of the tube where this factor vaniafaes. 
Therefore, in no part of the tube is the air at rest. But, 
if the first harmonic alone 18 sounded, or when the only 

terma employed are those depending on —j— , that is 

when n = 2, those terms are neceaarily associated with the 

factor sin "^-y- ; and this factor vanishes when a; = „ . 

or at the middle of the pipe's length. There is there- 
fore a point of absolute rest at the middle of the lengtli : 
this is called a Tiode. In Uke manner, if the second har- 
monic alone is sounded, there are two nodes, dividing 
the length into three equal parts ; and so for higher har- 
monics. 

79. Theory for a pipe open at both ends. 

When a pipe is open at both ends, the algebraical 

conditions are totally different. Tlie physical condition 

to be satisfied is that, either at the pipe's mouth, or 

more probably at a small distance exterior to it, the 

pressure and density of the air are the same as the 

pressure and density of the tranquil atmosphere. Now 

in Article 21 it is found that the variable part of A is 

„dX 
-7-1 or 

ax ' 

D.<f,'(at-x)-D.yjr' {at + x). 
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Making this = when a? = and when x=^l, 

f (aO-'^'(a^)=0 

which are the termioal equations for this case. 

The first equation, which is general for all values of 
t, gives '^' = <l>. The second gives 

which, as in Article 73, shews that ^' is a periodical 
function, going through all its changes while the quan- 
tity affected by it is changed by 21, or while t increases 

21 
by — : giving the same number of complete vibrations 

per second, and therefore the same fundamental note, as 
a pipe closed at both ends, Article 78. The velocity of 
the particle, or 

a.ij)' {at'-x) + a.y^' (at + x), 

may be represented (for the same reasons as in the 
beginning of Article 74) by 



^ ( ^ . nwiat — x)) 
2jC;.sm ^-^ ^^ 

. v? {-n mr{at-x)] 
+ 2 jDn.cos — ^-^ ^-y 

+ 2{a.sin ^^^"^^-^^^ } 
4-2k.cos ^"^^/-^^) }; 
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2f2C,.am 



T'-'°—r) 



The actual diaplacement of the particle will be found 
by integrating with respect to (. 



Here, when the fundamental note alone is sounded, 
that is, when — j— has the smallest factor of f, or n = I, 



this term is connected with the factor o 



, and that 



factor vanifihes when ^ = - , or a: ^ 



I 



That 18, there 



I 

is perpetual quiescence of air, or a -node, at the middle 
of the pipe's length. 

In like manner, when the first harmonic is sounded, 



second harmonic is sounded, there will be nodea at the 
] so on. 



80. Theory for a pipe closed at one end and open 
at the other. 



When a pipe is closed at one end and open at the 
other, the conditions are more complicated. Suppose 
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tbe closed end to be that where a; = ; then, taking the 
geueral expression for ^ as in Article 23, 

and consequently the variable part of A 

^D.»f>'{at-s;)-D.ylf' {at + x), 
we must have, when a: = 0, X= 0, or 
^ (at) +i}r{ai) = Oi 
when x = l, variable part of A = 0, or 

ij) {at-t) -^y {at+I) = 0. 

The first equation being perfectly general with i 
spect to t, we may differentiate it, and we find 
a^' {at) +af{at) = 0. 

This equation, with that immediately preceding, are t 
terminal equations here. 



From the last, ■^' = 
of function in the seco 



- tfi ; and making this change 



^' {at-T} +<(>' (o(+ /) = 0; 
oPj putting q for at — I, 

f (?) + *■ fe + 2!) =0- 

Thifl equation is different in form from that at 

which we arrived in Articles 73, 78, and 79 ; and it 

shews that, generally, the function A' does Tiot go through 

periodic changes, while the quantity under the function 
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is altered by any constant amount. But a simple treat- 
ment gives us the real purport of the equation. Since 
5 may have any value, we may put r in place of q, 
thus obtaining the equation 

ajid we may give to r the v^ue q + 21, which converts 
the equation into 

f (2 + 2Z) + f (j + 4/) = 0. 
Thus we have 

*'(?) + *'(? + 20 =0, 

-f{g + 20-f (?+4;)=0; 
adding the two equations, 

f(3)-f(? + 4'} = 0; 

from which we infer that <f>' is a periodical function 

which goes through all its changes while tlie quantity 

under the function ia increased by 4i. The function of 

sines and cosines satisfying this condition must be a 

. ^. .sin 2irq .sin irq 

function of -rr , or ot rrr ■ 

cos 4i cos 21 

Hence — ^'(tt( — a:), by the reasoning of Article 74, will 
be expressible by 

. mr(at—x)\ < i rt n-jr{at — x)] 



-s a. 



Then 



21 J 



-S />,. 



ip' (at + x) 
J ZJ, , COS — 



L 



186 ON SOUND. 

and - d>{at — x) + ^'(a^ + aj) 



- 2 (22). . 



*^ "2r • *^^ IT j • 



Making x = 1,ot -^ = — , we find that the first ter- 
minal equation^ 

can only be satisfied by making cos -—- = 0, or -^ an 

IT 

odd multiple of ^ ; or the values of n must be confined 

to the odd series 1, 3, 5, &c. 

The value of ^' {at) + '^' (at), or if)' (at) — ^' (a<), ne- 
cessarily satisfies the second terminal equation. 

The value of-^,or a.if){at'-x) + a.'^'{at + x), 
is now 

^2C?..cos-2^.sm^j 

+ a.Sf2i)«.sm-2^.8m-^- 1; 
and, integrating with respect to t, 

where w may be any of the odd numbers 1, 3, 6, &c. 
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For the fundamental note, make n = 1, and tte ex- 
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have found in the investigations for a, pipe closed at 

both ends or open at both ends, that the changes occur 

21 
while ( is changed by — . Hence, with one end open 

and one closed, the vibrations of air per second are only 
half in number of those produced by a pipe of the 
same length with both ends open or both ends closed. 
{We shall express this hereafter by saying that its tone 
is an Octave lower.) Or we may state the theorem thus; 
the number of vibrations per second in a pipe with one 
eud open and one closed is the same as in a pipe of 
double the length with both ends open or both ends 
closed. 

The pipe under consideration can give none of the 
even hannonica, but can give any of the odd ones. 

Nodes or quiescent points can only occur when 

^ = 0, or in this instance, when sin ,- = 0. (It will 
be remembered that x is measured from the closed end.) 
For the fundamental note, -^ must = tt. or a: = 2^ which 
is impossible, and there is therefore no node. For the 
liarmouic with n — «, ^^ 
a node = 



which makes a: at a node = 



■21 



U 



and 80 for higher harmonics. 

In instruments of the class of the flute and clarionet, 
there are holes at definite points, which establish such 
a communication with the external air, that the varia- 
tions of elastic pressure in the corresponding parts of 
the internal column are very small and may be neg- 
lected. The student, acting on this suggestion, will be 
able to adapt the formulre which we have introduced 
above, to the case of these instruments. 

"Wertheim, in the Comptes Rendus, tome xxxiii, 
and the Annales de Ghimie, 3* series, tome xxsi, has 
given formula (undemonstrated) for the effect of the 
transversal dimensions of organ-pipes. 

81. Methods of exciting the vibrations of ah' in a 
musical pipe; theory of Resonance. 

In some pipes, as in the reed-tubes of an oi^an, 
in the clarionet, &c,, the sounds are produced by forcing 
a comparatively small stream of air through a sub- 
sidiary instrument {the reed) which itself produces 
musical vibrations; in other pipes, as in organ-pipes 
with the ordinary mouth-piece, in the flute, &c., the 
sound is produced by a blast of air which appears 
to possess nothing whatever musical in its character. 
To illustrate the effects of these, and more particularly 
the effect of the reed, the following case will be in- 
Suppose that we have a pipe closed at one 
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end, and suppose that by an external action the air 
at the other end is compelled to move according to the 
law b.mict; to find the motion of the air in the pipe. 

The formula for the motion of the air, given by the 
solution of the differential equations, is 

X= ip{at-x)+-\fr {at + x), 
where we shall measure x from the closed end of tlie 
pipe. The terminal conditions are, 

WheiiiB = 0, ^=0, or <f, {at) +■>!>■ {at) = 0, 
for all values of t. 

When x = l, X = b. sin ct, 

or <p{at — l) + y}r{at + l)=b. sin ct. 

The first equation gives ■^ = — ^; and the second 
then becomes 

<j> {at - 1) -if) {at -h I) = b. sin Ct. 

It appears necessary, in the first place, that the 
multiple of t under the function be ct; which will be 
effected by putting the equation under this form: 

X^(at-T)\-x^^i''t+l)\ = b.sm ct. 
OT x[cl — 1 — j£((!(+ - J =6.sinc(. 

In the next place, it appears impossible tliafc any 
function except a sine or cosine on the left hand can 
produce the slue on the right hand. Suppose then 
j^=kx sine + k x cosine. 
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Then 



A. sin (ct j 



+ fc.cos let 



H) 



— A.sinfc^ +— j— ^.cos (ct + — ] 



= 6 . sin ct 



. cl . cl 

Or — 2A . cos ct .sin — + 2A; . sin c^ . sin — = 6 . sin ct 

a a 

cl h 

Hence A = (unless sin — = 0), and k = , . 

^ a ^ c, ' cl 

2sin — 
a 

Therefore (as ;^ = A x sine + A; x cosine = A x cosine), 

^=x(««-f)-x(c<+f 

b 



C3}\ 



dr'y 



(-f)- 



COS {ct-\ — \y 



Or. 



2sin — 
a 



-«- h . ^ . ex 

A = ; . am c^ . sin — . 
. cl a 

sin — 
a 






?)} 



(It is possible that, with this term, there may be 
combined other terms of the nature of those found in 
Article 78 ; but they do not affect the present investi- 
gation.) 



From this expression it appears. 

First, that the air in the pipe is made to vibrate in 
the time corresponding to the time of vibration of the 
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external cause (reed, &c.), aven though that time do not 
agree with the natural time of vibration in the pipe, as 
found by preceding investigations. And therefore the 
note given by the pipe is not its natural note, but the 
note of the external cause. 

cl 
Second, that if — be less than tt, (in which case 

COD 

sin — never changes sign,) but not much less than tt, 

Cb 

then the coefficient of vibration of air, namely, 

, . ex 
6.sm— 
a 

. cl ' 
sm — 
a 

becomes for all the middle parts of the pipe extremely 
large. 

cl 
Third, that the condition that — be very little less 

than TT, or c very little less than ~j- , implies that the 

time of complete vibration of the external cause, which 

is — , must be very little greater than — , or very 

little greater than that of the natural vibration in the 
pipe as closed at both ends or open at both ends. 

Hence, if a reed, &c. be blown so as to produce a 
note a very little below that of an organ-pfpe (as closed 
at both ends or open at both ends), and be attached 



to one end of that pipe, the other end of the pipe being 
closed, the reed will produce 'a very loud sound, of its 
own pitch. 

This 18 the theory of Resonance, It applies to 
rodms, £c. which are capable of returning a distinct 
note, as well as to pipes. 

The student will have no difficulty in applying the 
same principles to other cases. Thus, if the mouth of 
the pipe be open (as usually happens), the variable part 
of the expression for density must be made to vanish, 
for all values of t, when x = 0. The value thus found 
for X is 

'.^H.co.'-. 



(This may be accompanied with terms similar to 
those found in Article 80.) 



82. Reaction of the air in an organ-pipe upon the 
reed, &c. 

We shall now investigate, for the case of the closed 
pipe, the pressure which the air vibrating in the tube 
impresses on the reed or other agent that acts to put 
it in motion. 

In Article 21, putting Q for H'DN, the variable 
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fix 

part of the elasticity of the air is found to be — Q . --r- . 

Putting for X the value 

h , ex , ^ 
I . sin — . sin cU 
. cl a 
sin- 
a 

the variable part of the elasticity is 

cbQ ex . ^ 

— ■ . cos -^.smct: 

.da 
a . sin — 
a 

and, when « = i, the variable part of the elasticity is 

cbQ d . 

. cotan — . sin ct. 

a a 

The vibrating mechanism (the tongtie of the reed, for 
instance) is necessaiily beyond the air of the organ- 
pipe, as measured in the direction of x ; and the ex- 
ternal atmospheric air produces no sensibly varying 
pressure on its external surface. The force on the 
reed-tongue, produced by the elasticity of the air of the 
organ-pipe, is therefore 

cbQ . ol . , 

. cotan — . sin ct ; 

a a 

d . d . . 

which, since cotan - is negative (as — is little less than 

tt), may be represented by + C . sin ct The elastic 
force of the reed-tongue itself, which produces the 
motion b . sin ct, is generally — c* x displacement of the 
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tongue, or (with this vibration, whose amplitude is b) 
ia — c*6 . sin ct. Consequently, the effect of the reaction 
of the organ-pipe-air upon the reed-tongue ia, to reduce 
the magnitude of the elastic force to — (c'6 - (7) , ein ct, 
or to diminish the vibrating force upon the reed-tongue. 
And if it is supposed, as a fundamental condition, that 
the vibrations of the reed-tongue are always to be 

made in the one certain time — , a constant power must 

be exerted upon the reed, to enable it to keep up its 
vibrations, much greater than ia required when it is not 
connected with the organ-pipe. 

But if (as appears to be the case in practice) the 
vibrations of the reed-tongue are determined by the 
combination of its, own elastic force with the reaction 
of the organ-pipe-air, the results are greatly changed. 
Assume that the law of vibration may be changed from 
sin ct to sin ct. The effect of combining -|- (7 , sin c'f 
with — c'b . sin c't, ia to make the entire force acting on 
the reed-tongue 

= — (c'& — C) sin c't, 

or to make the force that tends to bring it to its 
quiescent point weaker than before ; and this will make 
its vibrations slower Suppose on the one hand the 
vibrations are so slow that c' is not much greater thau 
TTffi c'l . 



is not much greater than ~ 
action force on the recd-tougue, or 



Then the re- 
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cbQ . cl , ,. 

- cotan — . sin c ^ 

a a 

has a small positive factor, or the entire force will still 
be of the character — (c*6 — a small quantity) x sin c't, 
and the vibrations will still be made a little slower. 
Suppose, on the other hand, they are so slow that c is 

TTtt C I 

not much less than 777 , or — is not much less than 

21 a 

X . Then the entue force on the reed-tongue will be of 

the character - (c'6 + a small quantity) x sin c't, and the 
vibrations will be made a little quicker. The consequence 
of these actions will be, that the vibrations of the reed- 
tongue will be made such that the factor of t will become 

almost equal to -r^ , or that its time of complete vibra- 
tion (namely , 1 , and the time of complete '^bration of 

the air in the pipe, will be almost equal to — ; which, 

as we have seen. Article 73, is exactly the same as the 
time of vibration in the pipe without any attached 
reed. This, it will be remarked, is essentially founded 
on the supposition that the reed-tongue is so flexible 
as to permit the reaction of the organ-pipe-air in some 
measure to control its vibrations. 

The symbolical investigation will be as follows. 
If the reed-tongue were isolated, its vibration would be 
represented by 6. sin c^; which indicates that the reed- 
force is, in all cases, — c* x the ordinate. Hence, if its. 

02 



actual vibration is 6 . sin c't, the reed-force is — 6c' . 
and the entire force which acts on it is 



Hence we must have, on the mechanical principles 
of vibration, 



— ic' . sin c't - 

Or c™ - c' = 

Now, in the an 

differs much from ( 



- . cotan — . sin c't = — 6c'' . sin 

- . cotan — =,.,— . cotan — . 
a I a a 



1 ca.se tliat neither - nor 



c', to the first order of small quantities, i 



and the equation becomes 

from which x is determined, and, by substitution, c' is 
found. 

The tone given by the pipe does therefore, even in 
very favourable caaes, depend in some degree upon the 
stiffness of the reed. 
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it 
When the time of vibration is nearly equal to — 

(the natural time of vibration in the pipe), the coeiti- 
cient of vibration is nowhere Eensiblj greater than at 
the point where the reed acts on it. 

There ia reason to think that some addition is yet 
required to this theory. The results at which we have 
arrived imply that a simple vibration is produced in the 
air, whose quality, notwithstanding the non-coincidence 
of the times of independent vibration of the reed and 
the organ-pipe, is always the same. But the experi- 
ments on vowel-sound, to be mentioned below (Article 
104<), prove that it is not always the same. Possibly, 
when the mathematical calculus is farther advanced, 
this may be shewn to depend on the circumstance, that 
the reed does not occupy the whole breadth of the tube, 
and waves of different period may be pausing at the 
same time. 



83. Production, of musical Bound by a simple blast 
of air. 

The investigation of the reaction on the reed seems 
to throw some light upon that obscure subject, the pro- 
duction of musical vibrations in a pipe by a simple 
blast of air, In the ordinary mouth-piece of an organ- 
pipe, of which a section is given in Figure 13, a strong 
blast ia forced through a very narrow alit, and iB re- 
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ceived upon a sliai'p edge, after which it partly enters 
tlie body of the. pipe, partly passes into the external air. 
Iq the flute, a blast of air is directed by the lips of the 
flute-player upon the sharp edges of a hole in the tube, 
and then partly enters the tube. In both cases it ap- 
pears necessary to suppose that the air, which enters 
the tube, bears a vibration or many kinds of simul- 
taneous vibrations (which as mixed could not be distin- 
guished from ordinary noise). The same supposition 
appears necessary to explain the sounding of a stretched 
wire opposite a chink of a door, or the singing of tele- 
graph-wires, or the whistle of a locomotive [iu which an 
annular jet of stream is thrown upon the circular edge of 
a bfcll, and excites the note peculiar to the bell). Every 
one of these vibrations may be considered as the vibra- 
tion of a reed-tongue; and the reaction of the air in 
the pipe will modify these in the way which we have 
described for the reed. There appears to be only this 
possible difference; that these external air-vibrationa 
have not that stubborn attachment to arbitrary times of 
vibration which the reed-tongue has, and therefore 
every one of them will be so changed as to corre- 
spond exactly to the vibration natural to the organ- 
pipe. 

A skilful flute-player, mating no alteration in the 
fingering of the holes, but altering the character of bis 
blast, can produce not only the first note but any one of 
several of its harmonics. Here it appears to be neces- 
sary that the external vibrations should have an ap- 
proximate similarity to those in the note which is to 
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lie profiiiced : since the aame mode of blowing which 
produces one note will not produce another. 

The matter however demands more complete ex- 
planation. 

It ia Hcarcely necessary to sny that the energy of tlie 
vibrations of tlie air in the organ-pipes is consumed 
in producing vibrations in the external air, either di- 
rectly, or indirectly through the vibrations in the sides 
of the pipes; and that, for the maintenance of the 
vibrations, a continued application of energy to the 
reed or the raouth-piece is iiecessarj-. 



84, Apparatus /or experiments on musicat strings; 
experiments with the monochord. 

For experiments on musical strings, and for the 
most convenient apparatus and manipulation, we would 
refer to Professor Tyndall's Lectures on Sound. The 
apparatus which we would recommend, as sufficient for 
the repetition and variation of these, is very simple 
and inexpensive. The basis may be a stiff piece of wood 
3 or 4 inches broad and 3 or 4 feet long ; to one end 
of this is fastened a common violin string, passing 
over a bridge near that end, and passing over another 
bridge near the other end, and then passing over a 
pulley and sustaining a scale-pan, in which various 
weights may be placed. For the experiments on har- 
mony there should be a second string mounted in a 



similar way parallel to the first : one of the strings 
should be provided with a raoTeable bridge, which can 
be planted at any arbitrary point under it. For pro- 
ducing BOund, a common violin-bow is to be used. 
Confining ourselves for the present to the single string, 
we may point out as the experiments most worthy of 
attention that, by damping the motion of the string by 
a touch of the finger at the middle, at ^ length, at 
I length, &c., still exciting the movements by the bow, 
pure notes will be produced which the musical ear will 
recognize as the harmonics of the fundamental note; 
and that, by putting small pieces of paper on the 
string, when the damping is at J length or \ length, 
those which are (in the former) at f length, or those 
which are (in the latter) at J length and | length will 
remain, showing that those points of the string are 
quiescent, while all others are thrown off by the vibra- 
tions. Also, by weighing the string, and ascertaining 
the weight in the pan, the number of vibrations per 
second can be found (see Article 73). 

8a. Number of vibrations of air in a second for 
a fundamental musical note. 

This may be a convenient place for alluding to the 
number of vibrations corresponding to a known musical 
note called C of the counter-tenor scale (see Article 71). 
The oldest accurate information that we possess is that 
^ven by Dr Smith, Master of Trinity College, in 
Harmonics, He determined the number by the vibra- 
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tiooB of a btring to which a weight was suspended ; 
the vibrating part of the string being measured from 
its Buspension-point to its point of attachment to the 
weight. And he Bays (in 17.'>5 we believe), "The 
Trinity organ was now depressed a tone lower, and 
thereby reduced to the Roman pitch, as I judge by 
its agreement with that of the pitch-pipes made about 
1720," Hia experiments, duly interpreted, give for C, 
about the year 1720. ■t65'8 vibrations per second. 

The history sioce that time is given in a Report 
of the Society of Arta. It contains the following 
abstract. 

Handel's value for c, 17*0 499§. 

A pitch recommended on grounds of 
theoretical convenience, aa admitting 

of continued halving 512, 

The Philharmonic Society, 1812—1842... 518f. 

A French Commission, 1859 oi2. 

A German Congress (Stuttgard), 1834 ... 528. 

The Italian Opera, 1859 646. 

The Society of Arts recommended 528 for permanent 
adoption, and tuning-forks made under their authority 
are sold at a trifling price by Messrs Cramer, guaran- 
teed to give that number of vibrations. Theoretically, 
the number is convenient, as it can he halved down 
to 33, and can also be divided by 3. (On these advan- 
tages, see a subsequent section.) 
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have fallen precisely on the case described in Article 81, 
where a very loud sound is produced. The whole of 
this paper, theory and experiment, is well worthy of the 
reader^s attention. 

Professor Tyndall has succeeded in exhibiting 
(though not with the same accuracy) the tremulous 
variations of density within a pipe, by placing thin 
membranes upon holes in the side of the pipe^ and 
using these membranes as the bases of small gas- 
chambers for gas-lights; at those places where the 
variations of density are considerable, the agitation of 
the membranes extinguishes the gas-lights. 
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Section VIII. 



OS THE ELEMENTS OF MUSICAL HARMONY AND 
HELODT, AND OF SIMPLE MOSICAL COUPUSITION. 

87. FundametUcd Experiments on the Concord of 
the Octave, and on otiter principal Concords of notes 
eounded in succession. 

There are very few persons, possessing muBical 
perception of the moat moderate delicacy, to whom 

the interval of tones called the Octave (we shall here- 
after give the derivation of this name} is not practi- 
cally known. If a person, hearing or uttering a 
musical sound, endeavours to produce a sound either 
higher or lower, clearly and harmoniously related to 
the original sound, he almost infallibly utters a note 
whose interval from the first is an Octave. If an un- 
educated musician, singing with others, finds the pitch 
too high, he drops his voice an exact Octave, The 
female voice is habitually higher than the male, in 
general, by more than an Octave ; but if a woman 
and a man sing the same tune together, every note 
of the woman's voice is exactly an Octave above the 
corresponding note of the man's voice. 

The discovery of the mathematical connection of 
this musical relation with mechanical causes is ascribed 
to Pythagoras. The tradition is confused, but seems 
to leave little doubt on the general fact. Pythagoras 
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found that, when the tone given by a vibrating string 
under a certain tension was noted, if the string under 
the same tension wa,s stopped at half its length, the 
tone produced by its vibration was an Octave higher 
than before. 

To verify this, the apparatus described in the be- 
ginning of Article 84, with two strings, should be 
employed. Load the scale-pans of both strings, till 
they give exactly the same note ; then place the move- 
able bridge under the middle of one string, and it 
will give the note which the ear recognizes as an 
Octave higher than the other. Now in the formula 

of Article 73, the time of vibration is - — f. ; but the 

tension L is not altered by the insertion of the bridge ; 
I however is only half what it was before. Hence, 
with the rise of an Octave, the time occupied by a 
vibration is only half what it was before, or the fre- 
quency of vibrations is double what it was before. The 
same effect may be produced in experiment, by leaving 
I unaltered but increasing L fourfold ; that is (since L 
in Article 73 expresses the tension of the wire), by 
increasing the stretching- weight fourfold. 

Of the physiological origin of our Btroug percep- 
tion of this relation of sounds, we can give no account. 
But the perception is very definite. We have been 
assured by an accomplished musician that, while in 
musical composition some of the other concords to be 
shortly mentioned admit of being a little strained, th« 
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Octaves inesoraljly demand the most perfect adjust- 
raeut. 



On sounding in succession the two notes which 
differ by an Octave, with whichever we begin, the effect 
is pleasurable. If we rise from the lower to the upper, 
it is animating ; if we drop from the upper to the lower, 
it is soothing. On sounding the two notes simultane- 
ously, a very rich effect is produced. 

Kemarking then the strong sense of concord con- 
veyed to the car by the combination of notes whose 
frequencies of vibrations are in the simple proportion of 
1 : 2, it readily occurs to us to examine the effects 
of other simple proportions of frequency. The pro- 
portion 1 : 3 gives an interval (which we shall here- 
ai'ter call the Twelfth) that separates the notes rather 
too far for accurate judgment by the ear : and the same 
remark applies to 1 : 4 (the Double -Octave). But the 
proportion 2 : 3 (for which, the length of one string 
must be two-thirda of the other) gives the Fifth, an 
interval whose concord is inferior only to that of 
the Octave. The proportion 2 : 4 ia only a repeti- 
tion of the Octave. The proportion 3 : 4 (for which, 
one string must have three-fourths the length of the 
other) gives the Fourth ; and 3 : 5 (one string having 
three-fifths the length of the other) gives the Ma.jcir 
Sixth ; both good concords. The proportion 4 : 5 gives 
the Major Third, a pleasing concord. The proportion 
5 : 6 gives the Minor Third, and 5 ; 8 gives the Minor 
Sixth : both recognized as satisfactory, but only per- 



haps by the ear of a practised musician. Proportions 
with larger numbers than these are not accepted as pro- 
ducing useful musical results. The pleasing effect of 
all the relations which we have mentioned can be verified 
with ease on the apparatus of Article 84. The same 
effects may he produced, in exhibiting the several con- 
cords just mentioned, by leaving the length of the 
string unaltered, and by altering its stretching- weight 
in the proportions 4 to 9, 9 to 16, 9 to 25, 16 to 25, 
25 to 36, 25 to 64, respectively ; since these produce the 
I 



produced by diminishing I in the proportions 3 to 2, 
4 to 3, &c. 



88. Experiments on the gradual formation of the 
Concord of notes sounded simultaneously. 

If, instead of sounding two related notes in succes- 
sion, we sound them simultaneously, one person main- 
taining the action of the violin-bow on both strings 
while another adjusts the moveable bridge, whether for 
uniaon (the exact agreement of two notes) or for any of 
the relations above mentioned (Octave, Fifth, &c.), the 
phcbnomena observed are these. While the bridge is 
fiir from its just position, the two notes are heard sepa- 
rately, in rather unpleasant discord. As the 
approaches to its just position, a rapid rattling beat 
is perceived, which changes to a slower softer throb, 
which again changes to a very slow swell and &11, 
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(more conspicuoua in approaching to unison than in 
approaching to the other concords), which finally disap* 
pearSj leaving a most agreeable and animating concord. 
The sound which then reaches the ear is not like a 
simple note, but it gives no idea of two sounds ; although 
when compared with either of the original notes, as 
sounded on a third string, it seems to be related to 
thetn. 

89. Mechanical explanation of Concords of Har- 
mony. 

With our knowledge that every musical note implies 
a series of vibrations of air, following with similarity 
of character and at equal intervals of time (Article 71), 
the explanation of all the-se observed facts is simple. 
For instance, to explain the harmony in the coexistence 
of two sounds separated by an octave. Geometrically, 
we may represent the disturbance of the air produced 
by the lower sound as a series of waves of a certain 
length travelling with sound- velocity ; and the disturb- 
ance produced by the upper sound as a series of waves of 
half the length travelling with the same sound-velocity, 
and therefore always holding the same relation to thfa 
series of longer waves. The union of these produces 
a wave more complex than either separately. If the 
long wave be much the larger {in the amplitude of 
vibrations of its particles), the result will be a modi- 
fied long wave, or (musically) a modified low note ; 
if the short wave be much the larger, the result will be 



a. modified short wave or modified high note ; in other 
cases it will be different from either. Algebi-aically, 
we combine vl, sin (5(+ C) with 2?.sin (2_B( + £), and 
the steps are the same. 

Again, to explain the harmony in the coexistence 
of two sounds whose interval is a Fourth (see above). 
Geometrically, for eveiy three waves producing the 
lower note, there are four waves producing the higher 
note, and these produce a complicated wave, recurring , 
with exactly the same character after every third vibra- 
tion of the lower note. The ' frequency ' of that recur- 
rence is probably too slow to catch the ear; but the 
continued recurrence of waves, which though comph- 
cated, are precisely similar, does produce an agreeable 
effect. Algebraically, as the frequency is proportional 
to the factor of ( in the expression for the disturbance, 
we have to combine such a quantity as .^ . sin [SBt + C) 
with such as Z>.sin {iBt + S) ; if Z) is equal to A, the 



/Bt-C+1 



/ 7Bt + C+E \ 
\ 2 )' 



shewing that there is a note with the rapid vibration 
-5- , whose coefGcient varies according to the slower 

period -5- ; with different values of A and D, the effect 

is more complicated. 

There is one remarkable instance in which the 
'frequency' of the recurrence of the complicated waves 
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not uncoraraonly shows itself. Suppose that, on :i 
piano which is accurately tuned, without striking a 
note which we regard as fundamental note, we strikii 
simultaneously the Octave above that fundamental, thti 
Twelfth above the fundamental, and the Double Octave 
above the fundamental. Their vibrations are twice, 
three times, and four timea, respectively, as rapid as 
those of the fundamental note. The complicated wave 
which they produce recurs therefore in the same form, 
after a period exactly the same as the simple wave 
which would produce the fundamental note. Ab that 
note is not very far removed in the scale, we may 
expect to be able to perceive, amid the complication, 
the fundamental note ; and we frequently can perceive 
it. This is called the Grave Harmonic. 

An able musician {unacquainted with the mathema- 
tical theory) haa remarked to us that, when the three 
notes above mentioned are sounded simultaneously, the 
ear always craves something more ; but, if the funda- 
mental note is sounded with them, a magnificent con- 
cord is produced, and the ear is perfectly satisfied. 

90. Qeometrical representation of Concords. 

In attempting to exhibit to the eye of the student a 
geometrical representationof interfering waves of air, we 
shall indicate one ditEeulty for which he must specially 
prepare himself. If the subject had been interfering 
waves of water, or interfering waves of luminiferoue 
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ether, we could have exhibited them without difficulty, 
because the displacemeat of particles which produces 
the wave ia, in great measure in the first instance, 
and entirely in the second instance, at right angles to 
the direction of the wave's motion, and ia therefore at 
right angles to a line of abscissse which represents either 
space in the wave's course (for shewing the simulta^ 
neous state of numerous particles), or time (for shewing 
the successive states of the same particle), But when 
we treat of interfering waves of air, we must treat of 
motions of particles which are strictly in the direction 
of the wave's motion. It would not be easy to exhibit 
these geometrically in an intelligible form. We sh^ 
therefore represent the displacements of the particles as 
if they were normal to the line of the wave's course, 
and we must beg the student always to remember that 
these are merely symbolical representations of displace- 
ments which are really parallel to the wave's course. 

First, to represent the concord of the Octave. We 
have here to combine the displacements represented by 
the two formulfe niuBt and sin {2Bt + I!), Article 89, A 
and D being made = 1, and C= 0. It is evident that 
we obtain different formula; according to the value 
which we assign to £. If E=0, we have the curve 
represented in Figure 14 ; and this law of complex un- 
dulation recurs in the same form, as long as the concord 
is kept up, and thus produces the pleasing effect of con- 
tinual repetition of the same undulation. If £!=90f, 
we have the curve of Figure 15 ; this exhibits a different 
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law of complex undulation, continually repeating itself, 
and also pleading, These are the extreme cases : for, if 
we make £!= 180", we fall back on the first case. Now 
when we strike the notes for concord, we cannot tell 
whether we produce the first of these, or the second, or 
something intermediate : but, whichever it may be, its 
continued repetition is very pleasing. Nevertheless, we 
shall shortly treat of instances in which the diflference 
between these two complex undulations does strike the 
ear as very offensive. 

Second, to represent the concord of the Fourth 
(those of the Fifth, Third, Sixth, have characters nearly 
similar to this). We have to combine the displacements 
represented by sin iBt and mn{&Bt + E). If E=0, we 
have the complex curve of Figure 16 ; if £=22°. 30' we 
have the complex curve of Figure 17. These are the 
extreme cases : if we make E= 45°, we again obtain 
Figure 16. The continued repetition of either of these 
produces a sound very agreeable to the ear : so also does 
the continued repetition of any of the intermediate com- 
binations ; and we know not, in any particular instance 
of striking the two notes, which of the complex undu- 
lations we have obtained. Yet, as in the instance of 
the Octave, we shall find cases in which the difference 
between these complex undulations is very disagree- 
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91. Suggested explanation of Ooticords of Melody. 

On the subject of Harmony, or the agreeable con- 
sonance of simultaneoua notes, we have probably said 
enough. But this doe^ not strictly apply to Melody, 
or the agreeable relation of successive notes. This must 
depend on some peculiar properties of our nervous phy- 
siology. It would almost seem that there is something 
in our Sensorium which is put into vibration by vibra- 
tions of air, and that these vibrations subsist after the 
cessation of the atmospheric cause, through a time suf- 
ficiently long to be mingled with the vibrations pro- 
duced by the next atmospheric disturbance, and thua 
to produce the effects of genuine Harmony. The ex- 
pression of "sound continuing to ring in our ears" may 
not be 80 purely poetical as is usually thought, 



92. 



* Beats. 



We have alluded, in describing the experimental 
observations of Concords, to Beats. In the case of 
beats observed during the operation of bringing one 
string into unison with another, the explanation is sim- 
ple. Suppose that while one string makes 100 vibra- 
tions the other makes 101 vibrations ; or, which is the 
same thing, suppose that while there are 100 waves 
from one source there are superposed upon them 101 
et^ual waves from another source. When the two waves 
are exactly in the same phase, one wave increases the 
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Cither, and the amount of agitation produced ia very 
great But after 50 waves from the first source have 
passed, there have passed 50J waves from the second 
source: the two waves are now in opposite phases: an 
advance of particles of air produced by one wave is 
neutralized by a retreat of the same particles produced 
by the wave from the other source, and the particles 
are left absolutely at rest. And this rest continues sen- 
sibly through several waves. After this, the relative 
position of the two interfering waves changes, they be^n 
to produce a real result, and after 100 waves from the 
first source the two waves are again united in the great- 
est force. The same change goes on in every successive 
100 waves. Suppose that the first string under con- 
sideration produces 400 vibrations in a second of time. 
Then if the second string gives 101 waves for 100 of 
the first, their combination will produce a strong sound 
and a weak sound four times every second ; if their 
tones are brought nearer, so that the second string gives 
201 waves for 200 of the first, there will be a strong 
sound and a weak sound twice every second : if they are 
adjusted still more nearly so that 801 waves of the 
second string correspond to 800 of the first, there will 
be a strong and a weak sound every two seconds of 
time. These are the beats of notes nearly in unison. 
Algebraically, we have merely to add 

A.sm{Bt + 2C)toA. sin [{B +2b).t+ 2D}, 
where b is small. The sum is 

2A .cQs{bt + D~ C) .emiBt + H + B + C)i 
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which exhibits a rapid vibration, that depends on 
{B+b)t differing very little from Bt, and where the 
coefficient of vibration has the slowly varying iaetor 
COB {bt+ D — C), which slowly diminishes, vanishes, rises 
with opposite sign, increases, diminishes, and vanishes, &c. 

In Figure 18, we have represented the Beats of 
Imperfect Unison as produced by two waves nearly in 
unison ; hut instead of supposing the times of vibration 
as 100 to 101, &C., we have (for convenience) supposed 
them as 10 to 11. 

The treatment of two sounds nearly in concord (not 
in unison) is somewhat different. In the union of two 
waves whose interval of tone is nearly an Octave, we may 
suppose that we combine sin Bt with sjn (2Sf + bt + O), 
where h is very small, and where consequently ht+ G 
changes its value veiy slowly, going through its phases 
perhaps once in half a second of time, or once in a second, 
I Now i(+ C occupies the place oi E 'va the preceding 

1 investigations. Hence, when ii+ C=0°, or 180°, or 

H 3G0°, &c., we have for a time the complex undulation of 

I Figure 14; when U-\- C=90°, or 270°, &c. we have that 

H of Figure 15; the complex undtUation is constantly 

H shifting from one of these forms to the other, and the 

H effect is painful to the ear. 

H In like manner, when the interval of the combined 

H sounds is nearly a Fourth, and we combine sin 4-Bt with 

I sin {^Bt + 5i + C), ht+C takes the place of E; and 

H whenever i( + amounts to 0°, 45", 90°, &c., the con- 

H d 
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bined undulation is represented by Figure 16 ; and when 
it amountH to 22° . 30', 67° . 30', &c. the combined undu- 
lation is repreaented by Figure 17; and tbe alternate 
diange from the state of Fig. 16 to that of Fig. 17, and 
from the state of Fig. 17 to that of Fig. 16, and back 
again, &c., is very disagreeable. We have seen it de- 
scribed as "an angry waspish fluttering." 

93. On the doctrine of proportions of the number 
of vibrations in a second as representing musiQul in- 
tervals. 

Before entering into the subject of Musical Scale, 
we must expressly remind the reader, that the rela- 
tion between two musical notes expressed by the terms, 
a Third, a Fourth, &c., does not depend on the number 
of vibrations per second of either note, or the numerical 
difference of the numbers of vibrationa per second for 
the two notes, but on the proportion of the number of 
vibrations for one note to the number of vibrations of 
the other note. Thus if a note No. 1 corresponds to 480 
vibrations per second, and a note No. 2 to 720 vibra- 
tions per second, and a note No. 3 to 960 vibrations 
per second; then, referring to the proportions and 
names of intervals in Article 87, it will be seen that 
the note No. 3 is higher than the note No. 1 by an 
Octave, the note No. 2 is higher than the note No. 1 
by a Fifth, and the note No. 3 is higher than the note 
No. 2 by a Fourth. (So that the successive intervals 
of a Fifth and a Fourth make up an Octave.) And 
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if we had a note No, 4 corresponding to 6+0 vibrations 
per second ; then the note No. 4 is higher than No. 1 by 
a Fourth, and No. 3 is higher than No. 4 by a Fifth. 
(So that the successive intervals of a Fourth and a 
Fifth make up an Octave.) But the same remarks 
would have applied if the four numbers had been half 
the preceding (240, 360, 480, 320) or any multiple or 
submultipie of them. In fact, eveiy expression of in- 
terval is an expression of proportion only, and is some- 
times conveniently given by logarithms (see Article 
93*»). 

As we say that the note with 640 vibrations is 
a Fourth above the note with 480 vibrations ; so we 
also aay that the note with 430 vibrations is a Fourth 
below the note with 640 vibrations ; and so for all 
others, 

93*. On the simple Scale of Music. 

The notes in the greater part of the tunes, songs, 
hymns, &c., sung by persons not acquainted with arti- 
ficial music, are included within the compass of an 
Octave. And, whatever notes are adopted within any 
Octave, if we adopt similar notes in the Octaves above 
and below it (meaning, by ' similar notes,' notes whose 
numbers of vibrations bear to the number of vibrations 
in the first note of the series the same proportion in one 
Octave as in the other), we infallibly secure a series 
of strong concords, and also give great facilities for 
notation. These appear to be the principal reasons 
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which have induced mankind to nee, in keyed instru- 
ments (as the Pianoforte and Organ) or in stringed 
instruments where no alteration is made, during musical 
performanee, in the length of strings {as the Harp), a 
series of notea defined in one Octave by the concords 
given in Article 87, with some additions ; and to repeat 
them in other Octaves above and below ; and even to 
mark them with the same letters. 

The letters are A, B, c, &c. to G. Apparently at 
some time in the history of Music, A was considered 
the fundamental note. But in modem Music, c is always 
considered the fundamental, in the same sense in which 
it is taken in Article 87. Using then the proportions 
in that Article, we have for the notes (omitting those 
called Minor) the following proportionate number of 
vibrations : — 



1 } 



These notes are sufficient for common music, (The 
relations of adjacent notes are not very harmonious; 
for instance, the proportion of E : F is 1-5 : 16 ; that of 
r : G is 8 : 9 ; but all are closely related to c, which 
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has acquired the name of " key-note.") But, with a 
very small extension of musical desires, we find that 
other notes are required. Having sounded any note, 
perbape we desire to associate with it the Third above it. 

We must multiply the fraction for the Third, or -, by 

the fraction for the note. This, applied to the Third 

,„.,,. 5 5 25 .5 5 25 . ... 

and Sixth, cives rx -r or ,-^, and t x - or , „ , m which 

" 4 4 lb 4 3 12 

the numbers are too large {Art. 87) ; applied to the Fourth, 
or ^ it produces j x i^, or ^, or the Sixth ; applied to the 



Fifth, it produi 



, in which the numbers are 



not excessively large, and which falls well between the 
Sixth and the Octave. This proportion -rr is therefore 

adopted as Seventh, with the letter b. If we desire to 

4 
associate with any note its Fourth, whose factor is 5 ; ap- 
plied to the Fourth or s it gives -^ {which we may con- 
sider aa a "flat Seventh ") ; applied to the Fifth or = it 
4 



produces^ 



or the Octave ; applied to the 



(which when we have found a note preferable for adoption 
as Second we may consider as a " flat Second "). If we 
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desire to associate with any note ita Fifth ; the appli- 
cation to the Fifth gives, -, or (as referred to the Octave) 

a ■ This falls well between c and e ; and the note which 

ia an octave below it is adopted in the same place in 
the first Octave as Second, with the letter D. The 

Mfth applied to the Sixth gives „ . or (referred to the 

Octave) J which is the Third or e. Thus we find that 

only two new notes, namely = and -q- , are to be inserted 
in our series : and it now stands thus : 



i I 



The reason for the term Octave is now obvious 
The scale which we have thus obtained is called the 
" Major Scale." or sometimes the " Diatonic Scale." 
It is universally recognized as the foundation of Music. 

Sometimes the Minor Third and Minor Sixth, - and 
- , are substituted for the Major Third and Major 



Sixth, producing the " Minor Scale." These two 
new notes, though well connected together, are not 
well related to the other notes; aud they produce a 
partially discordant music, of peculiar character, usually 
melancholy. 



93**. Systems of application of Logarithms to the 
expreamon of musical intervals. 

Professor Pole, in an essay attached to Sir F. A. 
Gore Ouseley'a Treatise on Harmony, has given the 
logarithms of the proportions of vibrations of different 
notes to those of c. Those for the simple scale above 



■00000 -05115 -00691 -12494 -17609 -32185 -27300 '30103 
These numbera possess the convenience of being con- 
nected with the ordinary system of logarithms, but they 
do not offer facility for extension. We are permitted 
by Sir John Herachel to explain a system proposed by 
him which possesses that advantage. It consists in 
using such a modulus that the logarithm of 2 is 1000. 
Thus the logarithms of the proportions of the vibrations 
to those of c are 



no 323 415 585 737 907 1000 1170 1322, &o. 
It is seen here that, with the exception of the figure 
representing a multiple of lOOO, the number correspond- 
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ing to each Qominal letter ia the Bame id every octave ; 
and that, in successive octaves, the numbers increase 
successively by 1000. This is probably the moat con- 
venient logarithmic scale (assuming the octave-interval 
as the fundamental interval for music) that can be 
devised. 



94. Remarks on the intpj-vals between successive 
notes ; extension of the Scale : appropriation of nwm- 
bera of vibrations and of lengths of waves to the 
different notes. 

If we divide the number for each note by the num- 
ber for the next preceding note, we find the following 
series of proportions ; 
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From C to D, 


1=1+4; 


From D to E, 


V = i+4: 


From E to F, 


n = i+A 


From F to Q, 


g = i+4; 


From G to a, 


■; = i+i; 


From a to b. 


1 = 1+4; 


From b to c, 


H = i+iV 



Considering the fractions attached to 1 as measuring 
the intervals of the notes, it is seen that there are two 
small equal intervals (e to F, and b to c); and five 
large intervals, nearly equal. Although the lai^ inter- 
vals are not double of the small ones, yet in common 
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language the larger intervals are called tones and the 
smaller semitones; and the Octave- scale is reputed to 
consist of twelve semitones. It has even been proposed, 
for some keyed iDstmraents, to make all the semitones 
equal ; the logarithm of the proportion for each semi- 
tone being — ■ ■ ; vfhich, on Sir John Herschel'a 

scale, would give for the successive notes of the diatonic 
scale 

CDEFoabc il e, Sec. 

167 333 417 583 750 917 1000 1167 1333. &o. 

We imagine that this system would fail at every critical 
point of hannony. 

In order to remove all denominators of fractions, 
and to give to each of the numbers which are associated 
with the notes a magnitude that represents a physical 
truth, we sliall multiply all the numbers of Article 93* 
by 480, The number thus produced for c is 480. The 
received number of vibrations in a second of time for 
II 



Therefore, each of the numbers which we shall now 
exhibit represents the number of vibrations of air made 

in YY of a second of time, corresponding to the note 
to which that number is attached. 

We shall take this opportunity of adding another 
system of numerical elements corresponding to the 
different notes. In Article 30 we have shewn that 
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velocity of w 



FrequeQcy of wave ' 
where Velocity and Frequency are to be referred to tlie 
same unit of time ; it is iadiSerent what the unit may 
be. On examining the numbers in Article 65, it will 
be seen that, at the temperatures at which it is inter- 
esting to examine musical notes, the velocity scarcely 
differs from 1100 English feet in a second of time, or 

1000 English feet in -r of a second of time. Conse- 
quently, the length of wave for each note, in English 
feet, will be found by dividing 1000 by the number 

of vibrations in of a second of time. 

The notes distingiiished by similar letters in differ- 
ent parts of our range of notes are understood in all 
cases to bear the same relation to the fundamental note 
(C, C, or c, &c.) of their own part of the range ; so 
that, for instance, the proportion of the number of 

vibrations in ^rrr of a second of time for G to that for 

C is the same as that for a to that for c, or as that 
for g to that for c. Also the interval from C to c is 
an Octave, and the interval from c to c is an Octave ; 
and so on. Using then three Octaves, we may adopt 
the following table as giving the Names of the Notes, 
10 

of time, and the Lengths of the Wavea of Air 
English Feet. 



G 


A 


B 


c 


D 


E 


F 


180 


200 


225 


■ 240 


270 


300 


320 


5-555 


5 '000 


4.444 


4166 


3704 


3-333 


3-125 



Countbr-Tenor. 



A 


B 


G 


D 


E 


F 


400 


450 


4S0 


540 


600 


640 


2-500 


2-222 


2-083 


1-852 


1667 


1S62 









Treble 






a 


h 


c 


d 


e 


f 


800 


900 


960 


1080 


1200 


1280 


1-250 


1-111 


1-043 


0-926 


0-833 


0-781 



1440 
0-694 



In special investigations, where proportions only of 
the numbei-s of vibrations of air for different notes are 
required, we shall divide the number of vibrations in 
the second line of the Table by any convenient j 
dirisors. 



95. On eadmice, and on some general prindples in 
simple musical composition: with instances of a Sing of 
Eight Sells, and of the Quarter- Chimes of 8t Mary's 
Church, Cambridge. 

Perhaps we may well begin by considering the 
effect of the ordinary ring of eight bells : tlie notes of 
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which, as usually employed for the indications of joy 
or triumph, are a complete octave from C to C, (or 
iiotea at the same proportional intervals), rung in the 
desceoding order. And upon analysing our sensations, 
they will appear to be of this kind. From the re- 
peated close, time after time, upon the lower C, our 
attention is strongly drawn to that note. In the ring 
of the successive beil.'^, we perceive without effort that, 
bell after bell, every sound has a good relation to 
that lower C. (Possibly the less perfect relations of 
B and D to C really sharpen our perception of the 
better relations of the other notes to C.) But the rela- 
tion of each note to that which follows it, although per- 
ceptible as hannonious, is not very harmonious. Hence 
the ear ia impressed with a certain degree of present 
harmony, and with the expectation of a much better 
harmony, which will be produced when there occurs 
the stroke of the bell which unites itself in strong con- 
cord with every one of the notes past. And, on hearing 
that beU, the ear is satisfied, and Kinks into a state of 
rest *. This is the Cadence. After this, there is a rise 

• It appears to ub that these phenomena are corractlj deacribed bj 
the pwet Moots (hitUBslf do mean musician), in the following linea : 
"When Memory liuka the tone that i» gone 

With the blissful tone that in still in the ear, 
AniJ Hnpe from a hcavcnl; note draws on 
To a note iiium beavenly still that is nt^ar." 

Tki Liykt of the Hartm. 
If the reader will change the laet two linea to the lollowiug, he 
will completely repmduce the reasoning of the text : 

" And Hope from a harmony sweet draws on 
To a harmony still more meet that ia near." 

<l2 



of an entire Octave, which is always exciting; and the 
descent is then repeated with the same eETect. 

There ia, however, & cireumstance which we are un- 
able to explain. It would seem possible that, if we 
rang the bells upwards, from the lowest to the highest, 
inasmuch as each of the notes has good concord with 
the highest, we should derive from that aeries a plea- 
surable sensation, This, however, does not take place; 
the effect is unpleasant; and so strongly that (within 
our knowledge) the ring of the bells in ascending series 
is used as the alarm-signal of fire or other danger*. 
The difference of effects appears to depend on some 
unknown physiological cause. 

We shall now proceed with another example, more 
comphcated than the last, but much more simple than 
ordinary musical tunes ; the Quarter- Chimes of St Mary's 
Church, Cambridge, These are universally acknow- 
ledged to be plea,?ing; they have been repeatedly copied 
for other public buildings ; among others, for the Clock 
of the Houses of Parliament. Some years since, we 
were favoured by J. L. Hopkins, Esq., Organist of 
Trinity College, with an accurate statement of the tones 
of the various bells and their sequences in the chime. 
We have (for explanation) lowered every note by one 
entire tone, thus preserving the relation of the notes 



"The castle-bells wjtli backward olang, 
Sent forth tb' alarum pea)," 

The Lay of l/ie L<al MintlTti. 
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unaltered, and have vrritten them bo modified in the 
foUowing Bcheme. To each note we have attached a 
number, fonned by dividing the numbers in Article 94 
by 30: and which therefore represents the number of 



vibrations in -^ 


X . J- of a second of time 


ormiora 


second of time. 












Fii-st Quarter, 
E, D, 0, Gl 
10, 9, 8, 6; 












Second Quarter, 

0, E, D, G; C, D, E, C; 

8,10, 9, 6; S, 9, 10,8; 










Third Quarter, 
E,C,D,G; C, 
10, 8, 9, 6; 8, 


D. E,C; 
9, 10. 8; 


E,D.O,G; 
10, 9, 8, C ; 








Fonrth Quarter. 
0, E, D, Gl C 
8, 10, 9, 6; 8 


D, E, C 
9, 10, 8 


E, C, D, Gl 
10,8, 9, 6i 


G, 

8, 


D, E, 
9, 10 


Ci 
8: 


Hour Bell 










C. 



4. 

The chime for the First Quarter presents little for 
remark : it is a simple descending succession, giving 
two imperfect harmonies (10 : i) and 9 : 8), but ending 
with a Fourth (8 : 6 equal to 4 : 3), a good descend- 
ing harmony: every note harmonizes well with the 



d 



last. For appreciating all the quatrains of the other 
Quarteis, it must be borne in mind that the ear 
becomes fatigued by continual harmonious relations: 
and it is found neceaaary, from time to time, to inter- 
pose unharmonic sequences of notea This is dona in 
the middle of every quatrain. Thua, in the middles of 
the two quatrains of Second Quarter there are 10 : 9 
and 9 : 10: in the middles of the three quatrains of 
Third Quarter there are 8 : 9, 9 : 10, and 9 : 8 ; and so 
for the four quatrains of Fourth Quarter. Each of these 
strikes the ear as a little hitch or dislocation, which 
makes the atrong concord that follows very welcome. 
The first two notes of a quatrain present good concords 
in five instances and iDhannonious sequences in four 
instances; but in every quatrain the last two notes pre- 
sent strong concords; and it is at the end of the qua- 
train that they are most desired by the ear. Finally, 
the sound drops by an entire Octave upon the Hour 
Sell : and this last sequence is eminently satisfactory. 

Perhaps there could be no better education for a 
young Cambridge musician, than to learn habitually to 
associate the tones of the several bells with the num- 
bers that we bave attached to them, and to repeat those 
numbers on hearing the sounds of the bells. 



96. Instances of musical melodies: "God save the 
Queen," and " Adestes Fideles" 

In the following exhibition of "God save the 
Queen," as sung by a single voice, the first line gives 
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the words, the second line sliews (by figures) the pro- 
portional time occupied by each syllable, the third 
gives the letter of the musical note, and the fourth con- 
tains the number of vibrations in the scale at the end 
of Article 95 divided by 10, repreHenting therefore the 

nunaber of vibrations in ^^ of a second of time. 



GoJ save 


our gracious Queen 


Long live onr no-ble Queen 


2 2 


2 3 1 2 


2 2 2 3 1 2 


c c 


D B C D 


E E F E D C 


48 48 


54 45 48 54 


60 61) 64 60 54 48 



54 48 45 48 



Send her vic-to-ri-ous Hap-py and 
2 22312 22 2 
Q QOGFE F F F 
72 72 72726460 64 64 64 



Glo-ri-ous Loug to reign o ver ub Q'O-d save the Queeo. 
312 211113111^^2 2 2 
FED EFEDCEFOaOFE D C 
6460 54 60 6460 5448 60 64 72 8072 6460 54 48 

The whole strain is included within the limits of an 
Octave; the lowest note being B and the highest a. 

The conspicuous repetition of the note C at the be- 
ginning of the melody leaves no doubt on the ear that 
c is the key-note to which all the others are to be re- 
ferred : and accordingly all the other notes are in the 
diatonic scale. And the final cadence, dropping upon c 
by a series of notes which bear to c the proportions 
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is very satisfactory, (the feebleness of 
:), and produces 



77 being however perceptible to the 
an escellent musical effect. 



Now if wo examine the relations of successive notes 
ail through the strain, we shall find that the only 
decided harmonic relations are the following. From 
"our" to the first syllable of "gracious", the propor- 
tion is 6 : 5 ; from " Queen " to " Send " the proportion 
is 2 : 3, and this rise of a Fifth produces an animating 
effect; between "reign" and the first syllable of "over" 
there is the proportion 4 : 5. All the other relations 
of adjacent notes are unharmonic. On the whole, the 
music is meagre, if considered only with reference to 
the relations of adjoining notes. But, considered with 
reference to its phrases; the first line of the song may 
be accepted as entirely in the vibrations 48, with smaJl 
variations to prevent monotony ; and the second entirely 
in the vibrations 60, with similar variations: and the 
relation of these or 4:5 is markedly harmonic. The 

third Une is mainly in 48, the fourth in 72 or 48 x ^, 

The remainder, with the ex- 
ception of the first note of " God", 80 or 48 x | , is loss 

distinctly marked (ws believe that the melody is not 
easily learnt with accuracy by uneducated persons); but 
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it is in great measure redeemed by its final cadence. 
In practice it is usually accompanied with instrumental 
music of rich chorda (to be mentioned hereafter). 

Of the melodies delivered to us by the religion of 
former a^s, perhaps that known by its commencing 
words, "Adeste fideles", or by its more usual name, 
"The Portuguese", is the m(«t magnificent It is very 
easily learnt with accuracy by uneducated persons. We 
will treat it in the same manner as the last. 

Ad-ea-te fi-Je-lea l«-ti tri-um-phan-tes, ve-oi-te re-ni-te 
121122 1111 21121111 
ccGcdGedep edccbabc 

48i83C48.)436 6054 60 64 60 54 48 4845404548 

in Beth-le-hem. Nft-tmn vi-de-te re-gem an-ge-lo-mm, ye-ni-te 
11224 21122 111121111 
debaG gfefedecdbGccb 
5460 45 40 36 72 6460 64 60 5460 48 54 45 36 48484.S 



ad-o-F»-muB, ve-ni-te ad-o-te-mua, ve-ni-te ad-o 
1121 111112111111211 
CDCG EED EFED BPEDCBCF 

485448 S6 60 60 5-1 60 64 60 54 60 64 60 54 48 45 48 64 

Do-mi-num, 
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The figures defining the time occupied by each syl- 
lable have not necessarily the same value as in tho 
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analysis of the former melody; but tliose wLich are 
related to the vibrations corresponding to the musical 
notes have the same value in both. 

The lowest note is G; the highest (which occurs 
but once) Ib a; and the range of the melody is exactly 
an Octave. 

In this melody, aa in the other, the frequency of C 

in the beginning fixes it in the ear aa the key-note. 

All the notes are related to it, in the diatonic scale. 

The final cadence upon c, though not consisting of so 

many steps as in the former instance, has tlie descent 

4 5 9 
through a, 7, 77, which is sufficient and effective, 
d 4 a 

There ia an excellent imperfect cadence of ^, j, -^, 

upon the last syllable of "Bethlehem," which is a 
Fourth below the key-note. If we examine the rela^ 
tions of the successive notes of the melody, we find that 
there are in all 58 relations, of which 13 are strongly 
2 
' 3' 

reciprocals. It would be wearisome to examine the fit- 
ness of each of these to its place ; but there is one which 
deserves especial attention. From the last syllable of 
"Bethlehem" to the first syllable of "Natum" the in- 
terval is an entire Octave upwards. This animating 
rise, leading to the word which is emphatically and 
characteristically the subject of the 
splendid effect. 
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The grandeur of this piece of music, and the facility 
with which it is apprehended liy mankind in general, 
appear to be fully explained by the consideration of 
the numerical relations of the vibrations corresponding 
to the notes. 

97. On Enriched Music, and Singing in Parts. 

The melodies that we have considered, if played 
upon an instrument which does not necessarily at every 
touch or blast produce a combination of several har- 
monic notes, would seem too simple. It is necessary to 
ornament them by combining, with almost eveiy note 
in the melody, a series of related notes, to be struck 
simultaneously with it. They are usually lower notes, 
in harmouic relation. The combined system, of the 
original note and these related notes, constitutes a 
"chord." 

As instances of chords, we will exhibit (in the same 
form as in the last Article) the first part of "God 
save the Queen," and the second part of "Adeate 
fideles." 





Long Uv« DBt noblB QuHm God nre the Qateo 


2 2 1 13 12 


2 22312 222 4 


G CD C B C D 


EEFEDC DCB-C 


G G A Gab 


c CDcFG FQFG 


E E D 


G A G E ED E 


48 48 544.845 48 54 


60 60 64 GO 5448 54 48 45 48 


36 36 40 36 40 45 


48 48 54 48 3236 32 36 32 36 


30 30 27 


36 36 4040 30 30 27 30 
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Nfttmn yjdete regem aogelomm Venite adoi-emas 
211221111211111121 

(OFEFEDE CDbOcCBCDUG 

[CBCDCBC aG GGGGb 

(72 64 60 04 60 34 60 48 54 45 36 48 4S 45 4854 4836 
1 48 45 48 54 48 45 48 40 36 30 36 36 36 45 



Venite ailoremits Veuite adoreinua Dominum, 
111 1121 111 1121 1223 

fEED EFED EFE DCBC FEDC 
(CC CBCB CBCGGGG CCB 

f 60 60 54 60646054 60 64 60 5448 45 48 64605448 

1 48 48 48 45 48 45 48 45 48 36 36 36 36 48 48 45 



In the greater part of thesia chords, the proportions 
of the mimbera of vibrations admit of being e 



by very low numbers ; for instance, the proportion 36 is 

30 

8 45 60 5 

the same as 6 ; both 36 and 48 are the aame as 4 ; and 

5 27 36 3 

BO for others. On the first syllable of "Natum" in 
the Sfecond piece of music (to which syllable we have 

called attention before), the chord '" is the same as 
^ , or two notes at the inteiTal of a Fifth, a moat power- 
ful harmony. There are several chords containing 



which cannot be accepted as 
— 40 "- 
harmonious; if, however, D be made^oG {which, giving 

a relation ^ to the key uote c, appears permissible), the 

78. 

proportiona become . , 7 , ,, and the harmony is good. 

This is an instance of what frequently occurs in musi- 
cal composition, that the harmonious relation of two 
adjacent or simultaneous notes is more important than 
the harmonious relation of either note tO the key-note. 

The chords 32 or (as corrected) 32 , \ - , , , , appear to 
27 28 *" *■* 

be incorrigibly discordant (though ^;i the original form 

of ^. , is equivalent to . , and is harraonic). 

Singing in Parts may ho understood as an exact 
imitation by different human voices of that which is 
done here by different fingers upon an instrument. The 
highest voice usually sings the notes as given in Arti- 
cle 96, or as in the upper line of the harmonized music 
just exhibited ; the other voices at the same time sing 
notes represented by those of the second and third lines 
of the harmonized music. The skill of a composer of 
Music in Paits is shewn by his assigning, to those 
other voices, notes which will produce good harmony 
with each note of the highest voice, and which at the 



same time will produce for each person, considered alone, 
a species of tmie that cau be followed correctly with 



98. On the necessity for the suppleTrtenlarif notes 
caMed "fiats " and " sliarpa." 

We have exhibited to the reader two pieces of music 
in which every sound is expressed by a note of the 
diatonic scale. And the reason of our having been able 
sufficiently to express all by that scale is, that we have 
taken c for the key-note of our melodies ; and that, in 
these special instances, that pitch has appeared so well 
suited to the subject that there has been no temptation 
to adopt any other key. 

But it will easily be imagined that we cannot bind 
ourselves to this condition. We may desire to make 
our tune somewhat higher or somewhat lower, but we 
cannot venture to raise it an entire octave so as to have 
c tor key-note, or to depress it by an entire octave so as 
to have C for key-note. And we may now consider 
how the power of using any other note as key-note can 
be obtained. 

Proceeding upwards from c we have in the diatonic 
scale, two tones, then one semitone, then three tones, 
then one semitone. We desire to have a similar succes- 
aiou of intervals for any other key. Suppose, for in- 
stance, we adopt D as key-note. 







FLATS AND SHARPS 


Diatonic Scsle 
cceding from 


pro- 




Scale witli ximl 


»rin- 


.... 



l«r.iils p^OBccJinB [ 1 2 3 4 5 G 7 1' 2' 

from D ) 

Here, the notes 1, 2, i, 5, 6 on our new scale may be 
represented by D, E, Q, a, b, on the old scale. The in- 
terval from 1 to 2 will not be precisely the same as that 
from c to D, and so in other parts of the scale ; but 
they will be sufGciently near to them to pass (in ordi- 
nary estimation) fur similar intervals, perhaps slightly 
altering the character of the music. But the notes 3, 7, 
on our new scale, have no representative on the old 
scale ; and, for representing them, it is necessary to in- 
troduce a note nearly midway between F and G, and a 
note nearly midway between c and d (and similarly a 
note between c and d). The note between f and o is 
called indifferently F sharp, f|, or G flat, ab ; and that 
between C and D is called cif or Db. 

Now when we adopt other notes as key-notes, we 
find that we must interpose notes between various notes 
of the original diatonic scale ; and ultimately we find 
that in every interval of a complete tone it is necessary 
to insert a new note. The whole scale, for one octave, 
then becomes this : 

c D EF Q a be. 
Din Eb atj ab bb 

This is sometimes called the chromatic scale. 
The new notes are those corresponding to the black 
keys of a pianoforte. 
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In some theoretical works, it has been proposed to 
consider Djf and Eb, and other pairs similarly related, 
as sbghtly different notes; as will be seen below. 

When B, or cfl, or Fb, ia adopted as key-note, every 
one of the five new notea ia used. With key-note c|, 
very good music may be performed on the black keya 
only ; but it will be found that it wants the Third in- 
terval (four semitones) and the Seventh interval (eleven 
semitones). With key-note f# also, the black keya 
are sufBcient ; but the Fourth interval (five semitones) 
and the Seventh interval (eleven semitones) are want- 
ing; this is frequently considered as a characteristic 
of Scotch music, which, consequently, can be played 
on the black keys only, if the key-note is FJf. 

If we examine theoretically the tuning which can 
be advantageously adopted for the flats and sharps, we 
are led to considerations like the following : 

Proceeding from C = 240 ; 
we may take for Cj or Db 



256 = 240xJ| = 


240 x^ 


4 


or 240 


4 


5 
4 




(a Third below the Fourth) 












D = 270. 














Then for Dlf or Ej. we 


may use 


eitl 


er 280 


= 240x 


6 


(which will associate w 


11 


with 


I* 


J 


J 




z I which will associate with ^, -^ , 
5\ 5 

and^). 

E = 300. 

F = 320. 

For Fjf or Gb we may adopt 33G = 240 x I . It will 
be seen however in Article 100 that, for reference 
to other keys, - — is preferable. 

G = 360. 

For G# or At there are the competing claims of 

375 = 240 X ^ X -T , a Third interval above the 



4 4' 



ThM j 


and 38* 


-240 


X ^ [associatm 


™4) 








= 400. 








For 4 


ov Bb, 


the 


competing va 



with 



420 = 240 X - I which associates with ^ and -] ; 

and 432 = 240 x V [associating with ^, ■=, -;] . 

B = 450. 

C = 480. 

We apprehend that, for music of the highest order, 
it may be necessary for d| or Eb, for G| or Ab, for Aft 
or Bli, sometimes to use one of the values which we 
have indicated, sometimes the other ; or, in fact, to con- 
sider d| and Eb, o| and Ab, A?f and Bb, as different 
not PS. 
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INSTRUMENTAL MUSIC, AND THE ADAPTATIONS 
OF MUSIC REQUIRED BY SPECIAL INSTRUMENTS. 



99. On the characteristic differences of construc- 
tion, between the Organ, the Pianoforte, and tite Violin. 

Among the great variety of musical iuatruments, 
we have selected three, as embodying the most import- 
ant differences of construction. We shall describe them 
briefly, but sufiBciently perhaps to convey aa idea 
of the bearing of these differences upon their musical 
powera 

The organ ia to be conceived as essentially an in- 
strument of three dimensions. For perspicuity of lan- 
guage, we will consider the horizontal line along the 
front as x, the horizontal line nornial to the front as ^, 
and the vertical line as z. Then the parallelopiped 
may be understood as being filled with vertical pipes 
all parallel to z. The front row, parallel to tc, for which 
y nearly = 0, are pipes with plain mouth-pieces, corre- 
sponding to the notes and inteipolated notes in Arti- 
cle 98. The next row parallel to a-, for which y has a 
uniform value, consists of pipes having a uniform definite 
relation to the front row, either in tone or in construc- 
tion ; for instance, the note of every pipe may be 
higher than that of the corresponding front pipe by a 
Fifth ; or every pipe may have a reed mouth-piece 
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instead of a plain mouth-piece. The third row, with 
another value of y, consists of pipes with some other 
variation, hut still such that the note of every one of 
these pipes hears the same relation to the note of the 
corresponding pipe in the front row. And so on for 
many rows. And thus, if we consider any row of pipes 
in the direction x, all are of similar construction and 
give notes related as in the chromatic scale ; but if 
we consider any row in the direction of y, these are 
pipes giving different harmonical notes and differently 
constructed, the same description applying to every row 
parallel to y, except that each is dependent on the 
note of its front pipe. 

All the pipes in any one row in the direction of x 
can be stopped at once by the slider called a " stop." 
All the pipCB in any one row in the direction of y are 
closed unless opened by a key (Uke that of a piano- 
forte). To open any individual pipe and allow the air 
from the wind-chest to act in it, the proper stop must 
he opon, and the finger of the musician must press the 
key ; the stop and the key being those which corre- 
spond to the y and x whose intersection is at the pipe 
in qiiestion. 

From this it will be 3:en that the instrument posses- 
sea in itself the power of giving chords, and even of 
giving harmonic chords produced by mouth-pieces of 
different kinds uttering sounds of different qualities^ 
which, however, by the mechanism of the "stops," are 
at the command of the musician. But he has no power 

2.4 
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of altering the pitch of the note which he plays ; he 
must accept that as it was left when the organ was 
tuned. 

The pianoforte is known as a stringed instrument ; 
but few persons at first view imagine what a number of 
strings it contains. A good piano has about 75 keys, 
and each of these works a hammer that strikes three 
strings (tuned to the same note) simultaneously; so 
that there are more than 200 strings to be adjusted in 
pitch. The tuner begins by screwing up one triplet of 
strings til! they give the same note as a tuning-fork 
which sounds the note C (528 vibrations per second), or 
sometimes A ; from this he, by ear, adjusts the triplets 
for the other notes of that scale, included within the 
compass of an Octave ; and from each of these notes he 
steps upwards and downwards, by ear, through entire 
Octave- intervals, to form all the intermediate notes of 
the higher and lower octave-scales. In playing on the 
piano, the striking of one key does not, as in the organ, 
produce any number of harmonic sounds (except on the 
principle of Article 76) ; to produce these, it is neces- 
sary for the musician to strike simultaneously different 
keys with different fingers. In the impossibility of 
having the pitch altered by the player during the per- 
formance, the piano resembles the organ. If there are 
any faults or peculiarities in the tuning, the player has 
no control over them. 

Most of the remarks on the piano apply also to the 
harp. 
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The violin is an instrumeut of a totally different 
class. It has only four Btringa, which are stretched 
over a curved bridge ; and under no circumstance can 
the bow touch more thau two of these, and generally it 
touches only one; so that the instrument poasesses Httle 
power of producing harmonic notea, except for the rea- 
sons given in Article 76. But the instrument is so held 
in the left hand that, by application of the four fingers, 
either of the strings can be defined in length (by press- 
ing the string upon a part of the fixed bar which is 
nearly parallel to the strings), and thus the tone of the 
string can be varied at tlie moment, through a range 
sufficient to exhibit any note between the fundamental 
note of one string and the fundamental note of the next 
string, and with an accuracy depending on the precision 
of the pkyer's perceptions and the delicacy of his 
finger-action. We imagine that a skilful player per- 
ceives the tone given hy the string long Irefore it is 
heard by the bystander, and instantly adjusts his pres- 
sure to make the intended concord perfect. With this 
presumed power, the violin is far more accurate for the 
production of exact melody than the oi^an or the piano- 
forte or harp. 

The fundamental notes to which the different Btringa 
are adjusted are the following (adopting, as represent- 
ing the number o 
the numbers in Article 94): 



For the four strings of ttu f E A D O 

violin 1600 400 270 180 

f 

For the four strings of the f a D G C 1 

viola 1400 270 180 120 

For the four strings of the f A D (J O 1 

violoncello [200 135 90 60 ', 



It will be seen here that two of the intervals on each 

instrument are Fifths (proportion of vibrations ^1; and 

.X. . .X. .1 ■ . I ■ 270 270 81 

that the other interval la -77^ . or ttt; X r^ . or 
400 40o oO 

^xfl+^J, differing from a perfect Fifth only by 

the interval numerically expressed by ^ . This small 

interval is called a "Comma"; it is the smallest wbich 
is recognized in ordinary music; it is held to be per- 
ceptible in all cases to the ear, and very offensive when 
it deranges the numerical accuracy of a chord. In 
practice, the intervals of the violin strings are in the 
first instance made perfect Fifths {a being taken from 
the tuning-fork or piano) ; and the notes of the other 
strings will therefore depart a little from those of the 
diatonic scale. This will lead us to the considerations 
of the next Article. 
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100. On the iiecessity for Temperament, in refer- 
ence to chords and harmonies within the compass of an 
Octave. 

Of all parta of theoretical music, the theory of Tem- 
perament ia the most troublesome. We cannot pretend 
here to go into it to the extent which would be useful 
to the professional musician. All that we can do is, so 
to explain the state of the matter that the student may 
be able to understand the nature of the evils of which 
musicians complain; and that, if he should desire to 
examine further the plans suggested by professional 
musicians, he may find himself prepared with the nume- 
rical bases on which all must depend. 

The difficulties in question attach only to keyed or 
other instruments whose tones cannot be altered by the 
musician in the act of playing. Tliey apply therefore 
to the two most important of all, the organ and the 
pianoforte; and they are perhaps more important for the 
organ; because, as the key is there held down so as to 
give an enduring sound, ajiy fault in the harmonies 
is more obvious to the ear than with the pianoforie, 
where the sound is produced by an impact on the 
strings, and is damped as soon as possible. 

We shall examine, first, the evils produced in the 

chords, by the use of different notes aa key-notes; 'i 

which evils we shall consider to be represented by the 3 

I departure of the proportions of vibrations in the Isi, | 

I 2nd, &c. notes on that scale from the proportions | 



248 



ON sonsD, 



of vibrations in the 1st, 2nd, &c. notea in the accurate 
diatonic scale; secondly, the difficulties in the prolonga- 
tion of long series of harmonies, and in the combina- 
tion of instruments like the piano with instruments like 
the violin. 

For understanding more easily the following inves- 
tigation, we would recommend the student to provide 
himself with a scale on paper including two octaves of 
the keys of a piano as shewn in Article 98; thus 

At ctDjf fSg|4c|dS44 

A EC D EF G A BC D EF G a 

Bi" DS> El» G\> a!? Bb Di" eS* g!j ab 

and also a corresponding moveable scale of card-board 
mth notes 1, 2, &c. to 8, at intervals representing tones 
and semitones in the diatonic scale beginning with c; 
thus 

1 2 34 5678 

then, for ascertaining the notea which will be used in 
conjunction with any assigned key-note, it is only ne- 
ccssaiy to apply the card-board scale to the paper scale 
so that figure 1 is opposite to the key-note, and the 
other notes to be used will then be those opposite to 
the figures 2, 3, 4, &c. 



Upon examining a great quantity of piano-music, 
we find that the note E[f is used for key-note twice as 
often as any other; and that those next to it in general 
favour are F, A^, c, o, D, D'. We will examine succes- 
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sively the scales of notes for these seven key-notes. 
As the scale for Eb will require three flats, we shall 
select from the values suggested in Article 98 the three 
values which evidently give the best harmonies in this 
scale, and shall retain those values in the succeeding 
scales; and, as need may arise for values for new flats 
and sharps in the succeeding scales, we shall adopt and 
retain them in the same manner. Below each note, we 
shall place its number of vibrations in f J of a second 
of time, and the proportion which it bears to the key- 
note of the scale, and (where necessary) the factor 
connecting this proportion with the proportion which 
ought to exist on the diatonic scale. 



1 



C 



Key-note EK We have 
El* F G Ab Bt> c D Eij 

320 360 480 540 

and ws have to assign vibrations to E!>, tM, fib, from the 
table in Article 98. It will be easily seen that 288 for 
E!* will harmonize perfectly with G, C, D, and very well 
with F. Adopting it, it will then be seen that 384 for 
a[> and 432 for bI" liarmonize perfectly with it. Thus 
we have 
E^ F G Ab Bf- c D eIj 

360 384 432 480 540 576 



] 



320 
10 



15 



/2 m\ 



1 
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Key-note F. We have 

FGabI^ C DBF 

320 360 400 432 480 540 600 640 

We have no need to supply any new number. The 
proportions are 

9 5 27 3 27 15 2 

8 4 20 2 . 16 8 



/_4 81\ / 6 8l\ 



Proceeding in the same manner, we find that we 
have to supply a value of D^ for key-note Ab, a value 
of f| for key-note G, a value of pj or D^ for key-note D, 
and a value of Gb or F| for key-note ID^. Thus we 
obtain 







Key-note A|>. 








Ab 


bI» 


c jJ' 


Eb 


F 


o 


ab 


384 


432 


480 512 


576 


640 


720 


768 




9 
8 


5 4 
4 3 


3 
2 


5 
3 


15 

8 


2 



Key-note c. 

It is unnecessary to examine this scale, as it is the 
diatonic scale with which the others are compared. 







Key- 


note G. 








G 


A 


B C 


D 


E 


Fi' 


G 


360 


400 


450 480 


540 


600 


675 


720 




10 

9" 


5 4 
4 3 


3 

2 




3 


15 

8 


2 



/ 9 80\ 
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Key-note D. 



270 300 337 i 3tiO 





y 


4 


3 




27 


3 


( 


_» 80s 
8 blj 






( 


3 80\ 

2 Sl^ 


( 








Key- 


Dote DK 




Di 


Eb 


F 


G!. 




a!- 


Bk 


236 


28S 


320 


336 




384 


432 




9 


5 


21 




3 


27 



nearly I 



/ 4 63\ t5 81\ 

I, ~ 3 "^ 64^ V 3 " 80^ 



In two of these scales, the diatonic character is 
perfect ; and in two, a single note only is in error. 

■ The principal difficulty is with the Fifths. Pro- 
ceeding upwards from the key-note to the note 5, the 
Fifths require correction in only one scale (key-note d); 
but proceeding upwards from note 5 to note 9, whose 
vibrations will be double those of note 2, we find that 
with key-notes Eb and G the proportion is too small, 

and with key-note D ithas the just magnitude, 1^1, only 

because the first proportion from D to A (^ x ^ j is too 
small. With key-note F, the proportion of note 4 to 1 
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is too large, but the proportion of note G to 1 is equally 

too large, so that the proportion of note 6 to 4, 1 7] , is. 

just, and their harmony perfect Note 7 fails in one 
instance, and cannot be reconciled with either of those 
which ought to be its bases, not-es 3 and 5. 

Innumerable attempts have been made to alter some 
of these notes, so as to produce the most perfect har- 
mony where it is moat wanted; and this alteration is 
called Te^nperwrnent. But it is easily understood that, 
where the errors for different scales, as affected by indi- 
vidual notes, are taken into one view, the Temperament 
which improves one scale will injure others. Thus if 
F be altered to correct the scale with key-note Eb, it 
will ruin that with key-note F, and will injure others.' 
An attempt is usually made to throw as much as pos- 
sible of the discord on one particular scale; and some 
assemblage of notes in that scale which ought to form 
Eb chord (as in Article 97) and which really produces & 
discordant sound, very unpleasant to the ear, ia called 
the wolf. 

It appears to us that a scale such as we have pro- 
posed will answer well for the most valuable keys; 
especially if the compositor, in writing the music, wouMi 
sometimes avoid those discordances of successive notes 
in the music, which would (though rarely) be produced 
by uacautious use of the notes. Probably a similar 
principle of selection might be adopted for organ-music; 
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taking first that key in which the greatest quantity of 
music or the most important music ia written, and 
supplying the best values of flats and sharps for it, as 
we have done in piano-music for Eb; and then proceed- 
ing with the key of next importance, &c. 



101, On the necessity for Temperament, in reference 
to long aeries of harmonics, and to the coiahination of 
different instruments. 

The concord of notes which ia most powerfully felt 
by the ear, as we have stated in Article S7, is that of 
two notes at the interval of an Octave. But this in- 
terval ia so ki^e that it is rarely repeated in musical 
compositions. The next degree of concord is that of 
two notes at the interval of a Fifth (proportion 2 : 3), 
and their interval is so much smaller that several repe- 
titions (one such interval rising above another, or one 
falling below another) may be occasionally introduced. 

Now if we begin (as the most advantageous place) 
from one of the notea marked F, as F = 100, we have 
the following succession of perfect Fifths (the propor- 
tion of vibrations being always 2:3): 

From 160 to 240, JT to C; 

From 240 to 360, C to G; 

From 360 to 540, Q to D ; 

From 540 to 810, d to a note beyond a, 



( vibrations = — of those 



e of a) . 



Thus we find that, even beginning at the most advan- 
tageous place, we cannot have more than three consecu- 
tive perfect Fifths; and, generally speaking, we cannot 
have BO many. If we could put up with an error 

represented by the factor ^ (either in the last interval, 

or distributed through the three intervals) we might 
proceed further. It will be seen that we must either 

diminish the Fifth-interval a little below ^ {"flatten the 

Fifths") or increase the Octave -interval above 2 
("sharpen the Octave"); no compositor for the piano 
dares to recommend the latter course. We are inclined 
to think that it is best also to leave the Fifths un- 
altered. 

In the use of the vioUu, however, the temptation 
to retain the perfect Fifths is very strong. In the 
process of tuning, eveiy interval of the fundamental 
notes of the strings is made a perfect Fifth; and, if 
the violin only were used, it can scarcely be doubted 
tliat they would be retained in that state. But the 
number of pianos in society is so great that it is neces- 
sary to make the violins yield to them; and the violins 
accordingly are subject to the Temperament of having 
tlieir Fifths a little flattened. Their different strings 
can then be made to harmonize pretty well with the 
notes in different Octaves of the piano. 
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Section X. 

ON THE HUMAN ORGANS OF SPEECH AND HEARING. 



102. On the kwrnan organs for prodxtcing musical 
notes. 

A tolerably clear idea was formed by anatomists, 
many years ago, of the nature and action of the organi- 
zation in the human throat by which musical notes are 
produced. Several points of explanation, however, were 
ivanting; these were supplied, perhaps finally, by Pro- 
fessor Willis, in a paper "On the Mechanism of the 
Larynx," published in the fourth volume of the Trmis- 
(ictions of the Cambridge Philosophical Societij, which 
may be regarded as a model of scientific and anatomical 
inquiry. 

The top of the windpipe is closed by an apparatus 
which leaves for the passage of air only a long nan-ow 
slit in the back-and-front direction, called the "glottis." 
The sides of this slit are not solid masses of animal 
matter, but elastic bands or ligaments, which, though 
not very deep in the vertical direction, can vibrate iu 
the right-and-left direction. Their extremities are 
governed in position and tension by various muscles, 
which have been most accurately descnbed. The state 
of these elastic bands, frequently called the "vocal 
ligaments," under various circumstances, is as fol- 
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In the ordinary state of ease, the vocal ligamenta are 
not stretched longitudinally with any special force, and 
the ends of the right ligament and those of the left 
ligament are not pressed together. There are, in fact, 
special muscles for separating them, which in the state 
of personal ease appear to be in action, effecting that 
separation. The opening is then sufficiently wide to 
allow the breath to pass very freely; and the ligaments, 
in their unstretched state, will not vibrate. 

For producing sound, other muscles are brought into 
play, namely, 1st, muscles which press together (but 
probably not close together) the ends of the two liga- 
ments : 2nd, muscles which extend each ligament to any 
arbitrary degree of tension. 

In this state, when air is forced from the Imigs 
through the glottis, necessarily passing with great 
rapidity (as the chink is now very narrow), it puts the 
ligaments into vibration, sufficiently rapid to produce a 
musical note. The pitch of the precise note produced 
will depend on the tension given to the ligaments. So 
that, for utterance of a musical sound, two systems of 
muscular action are required. One, consequent on the 
volition "to utter a musical sound," is that of drawing 
close together the right ligament and the left ligament; 
the other, consequent on the volition "to utter a musical 
sound of a particular pitch," is that of stretching the 
ligaments to a definite tension. 

This action may be imitated experimentally in 
variouB ways, of which we quote, as probably the easiest 
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and best, that given in Professor Tyndall's excellent 
book on "Sound, a Course of Eu/ht Lectures, (fee." 
"Roll round the end of a glass tube a atrip of thin 
india-rubber, leaving about an inch of the Bubstance 
projecting beyond the end of the tube. Taking two 
opposite portiona of the projecting india-rubber in the 
fingers, and stretching it, a slit is formed; the blowing 
through which [by means of blowing through the tube] 
produces a musical sound, which varies in pitch, as the 
sides of the slit vary in tension." 

The vibrations of the vocal ligaments produce vibra- 
tions of the air in the resonant cavity of the mouth, in 
the same manner in which the vibrations of a reed pro- 
duce vibrations in a resonant organ-pipe (Article 81). 

The compass of a singer's voice, or the interval 
(upon the musical scales) between the lowest note and 
the highest note which a singer can distinctly sing, in 
general does not much exceed two octaves. 

The phasnomena of whisUing, we believe, have not 
been carefully examined. They appear, however, to 
correspond nearly to those of the production of musical 
Bounds in the throat. The lips are brought, by their 
appropriate muscles, into a state of tension analogous to 
that of the vocal ligaments; and the passage of a cur- 
rent of air between them compels their surfaces to 
vibrate and to produce vibrations in the air. The 
resonant cavity is the hollow of the mouth; and the 
mechanical conditions for whistling differ from those for 
speaking, in this respect, that the current of air for 



whistling passes /fom the resonant cavity to the vibrat- 
ing lips. Whiatlers remark that, for producing their 
lowest notes, the tongue is very far retracted; the lower 
lip also appears to be somewhat retracted. The range 
of notes in whistling is greater than that in singing; it 
extends nearly to three octaves. 



103. ExperimeiOs and theory on the production and 
maintenance of vibrations similar to those of tlie human 
organs of sound. 

Professor Willis has pointed out very clearly the 
mechanical reasons which shew that there must be, in 
the stretched ligaments of the glottis, a tendency to 
produce tlie requisite vibrations. Thus, if we have two 
small frames on which lamina; of sheet india-rubber are 
stretched, leaving their upper edges free, as in Figure 
19, and if we place these frames nearly vertical, upon a 
pedestal throiigb which air can be blown upwards from 
below, passing between the two laminse; then if, as in 
Figure 20, the upper edges are brought near together, 
the blast of air will force them outwards ; if, as in Figiire 
21, they are opened wider, the blast of air will suck 
them inwards; if they are opened to the state in which 
neither of thene tendencies is discoverable, then with 
every displacement outwards there will be a proportion- 
ate force tending to bring ea:ch towards the middle of 
the chink, and with every (iisplacement inwards tliere 
will be a proportionate force tending to push ea^h from, 
the middle of the cliink. So that each lamina, con- 
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sidered alone, is, upon receiving any diBplacement from 
a certain position of rest, subjected to a force tending 
to bring it to that position ol" rest This is the law of 
force proper for maintaining vibration (it is similar to 
the law of force wbich acts on a pendulum). There is 
still one point which requires explanation. If a bjdy, 
or a lamina, is put in a state of vibration, frictions of 
all kinds wdl tend to reduce its vibrations; and it is 
necessary for us to shew that, under the actual circum- 
stances, there is some force which tends to increliae 
vibrations. Now Professor WiJlia suggested as probable 
that the magnitude of the force of air which acta on the 
lamina may be a function of the position of the lamina 
at a short time anterior to the time under considera- 
tion; and the author of this Treatise, in the Catnhridge 
Trmisactioits, Vol. iv., pointed out the mathematical 
consequences of that supposition. If the distance of a 
lamina from its place of rest be ^((), and if e be the 
coefficient of the force dependent on laminar tension, k 
the coefficient of the force dependent on the action of 
the air, c the quantity to be subtracted from the lime 
in order to form that time on which the force produced 
by the air-motion depends; then the equation of motion 



dt' 



= -e.^it)-k.»}>it-c). 



Supposing ito be small, an approximate solution, 
obtained by neglecting the laat term, is, 

L^ (() = a . sin (( Je + h); 




-c) = a.sva {tjc + h — cjej, 



~e.tf>(t)~aJc.am(tJe + b-C Je), ^ 



nearly; and 



very approximately. 

This is precisely the case of a pendulum disturbed 
by some extraneous force; and it admits of being 
treated in the manner indicated by the author of this 
Treatise in a paper "On the disturbances of Pendulums, 
&c." in the CaTubridge Transactions, Vol. in. The 
result is that, in every complete vibration, the coefBcient 

of vibration is increased by — — ^ '^- . 



104, Experiments on the production of vowel sounds. 



Long ago, it had been shewn that if air were forced, 
through vibrating laminse or through a common reed, 
into a cavity of a particular form, the sound of a parti- 
cular vowel would be produced ; but the forms of the 
cavities were very strange; and there was no theory, 
accounting for the effects in any case, or connecting the 
different cases. The great step of experimental expla- 
nation was made by Professor Willis in the Cambridije 
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Transactions, Vol. IIL;* and nothing of importance has 
been added, till within a short time. 

For instructive experiment, the strange forma of 
cavities were discarded, and a simple pipe was substi- 
tuted; thus admitting of variation in its length. Air 
was blown through a long channel terminating in a reed 
that gave a note whose pitch was ascertained (and 
whose length of air-wave was therefore known); and 
the immediate carrier of this reed being fitted accu- 
rately but not tightly within the tube whose length 
was to be made variable, that tube was slid along so as 
to contain the reed-carrier as a plug in the tube, leaving 
open varying lengths of the tube between the reed- 
carrier and the external air. And the points remarked 
by Professor Willis are these: 

First, that in order to perceive clearly a vowel- 
sound, it is necessary to sound different vowels in suc- 
cession ; the principal effect being produced by contrast, 
and no distinct vowel-sound being impressed on the ear 
when the apparatus is maintained steadily in the ar- 
rangement proper for producing any one vowel. 

Second. The fundamental result of the experiments 
is this. In Figure 22, let a denote the place where the 
waves of air enter immediately from the reed {the reed 
being supposed to be at the left hand, and the current 
of air being blown through from left to right), and 

■ The author of this Treatiaa had the pltaaure of h'-arms the 
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Ruppose the tube of variable length to extend towarda 
the right, its mouth aometimes stopping at i, sometimes 
being advanced to E, A, o, &c. Also let ac = hd — ce 
= length of sound-wave produced by the reed. ITien, 
when the mouth of the pipe is at the point I, it utters 
the vowel-sound I (in Continental pronunciation), the 
same vowel-sound as in the word "see"; when the 
mouth of the pipe is at E, the vowel-sound is that of E, 
eliding between the vowel-sounds in "pet" and "pay"; 
when the mouth of the pipe is at A, o, U, the sounds 
are respectively those ia "paa, part", followed by 
"paw, nought"; in "no" ; and in "but", followed by 
"boot". As the mouth of the pipe is carried towards b 
(the point bisecting oc), sound becomes indistinct, and 
vowel-sound is lost; or the only sound perceptible is 
that of our short D ; on approaching c, the same vowels 
recur, but in the opposite order. On proceeding further 
still, the same phsenomena recur after an addition to 
the pipe-length of " length of air-wave ", " double 
length of air-wave ", &c., but all sounds become less 
forcible. 

Now upon varying the pitch of the reed (that Is, 
upon varying the length of the sound-wave, or the 
length of the spaces ab, be, cd, de), the lengths al, OE, 
aA, ao, aXi, cl, cE, &c., remain unaltered. And, when a 
reed of liigb pitch is used, or when the spaces ab, be, 
&c., are made very short, some of the vowels c, o, &c., 
are lost. This accords with the experience of singers 
of high pitch, who can sing no vowel but I (" see "). 
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The Jistancea of tlie vowel-positiona from c, or from 
e. are the following (the measure from a beiug a little 
smaller than the others): 

ci = ei= 0-38 



13-2 

1305 
(3-S 

indefinite. 



L 



We recommend the reader to follow up this subject 
by a study of Professor Willis'a original paper, and 
especially to remark hia CKpianation, or rather hia dis- 
criraination between the mechanical circumstancea of the 
air in pipes of different lengths. It amounts to thia; 
that from the air of invariable pressure at the pipe'H 
mouth there is a species of reflexion of the sound-waves 
inwards (which is algebraically represented by the ter- 
minal equations for an open pipe, 

-^'(oO + f ("0 = 0. -fl>'{at-l) + y}r'{at + l]=0. 
in Article 79, implying opposite waves), and that thus 
every reed-wave travelling along the pipe is reflected 






from the open mouth at a time depending on the length 
of the pipe; the relation of which time to the time of 
the next reed-wave will he different for different lengtha 
of the pipe, thua producing a mixed wave whose quar 
lity varies with the changes of that relation, (This 
amounts to nearly the same as saying that each puflf 
of air through the reed may create a wave which will 
travel with organ-pipe -velocity, coexisting with one 
which follows the laws of Resonance; a coexistence 
which, as we have remarked in Article 81, is pos- 
sible.) And the following experiment pointedly il- 
lustrates this. If a quill be snapped by the teeth of a 
wheel in rapid vibration, a musical note is produced; 
but if, instead of a quill, a highly elastic spring is 
used, itself competent to give a musical tone, then a 
vowel-sound is produced, and the name of the vowel 
depends on the relation between these two musical 
notes (which relation may be altered by grasping the 
elastic spring at different points). 



The only addition, we believe, which has been made 
to this admirable series of experiments, is the further 
analysis, by Helmholz, of the character of the waves in 
the different vowel-sounds. It appears to have been 
made by directing the current of air from the lips upon 
a series of tuning-forks, and remarking which of the 
tuning-forks were put in vibration. Helmholz thus 
arrived at the conclusion that the vowel-sounds are pro- 
duced by certain mixtures of the upper harmonics with 
the fundamental tone. It has been shewn in Article 72 
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that every variation of the quality of musical notes 
may be produced thus. But the distinct conclusion at 
which Professor Willis arrived, that, with different reed- 
notes, the difference in the linear measure of pipes re- 
(juired to produce different vowel-sounds must always be 
the same, seems to forbid the admission of similar mix- 
tures of the upper harmonics with the fundamental 
tone as in all cases explaining the vowel-sounds. 

The reader is referred to Willis in the Cambridge 
Transactions, Vol. iii,; Wheatstone in the London and 
Westminster Review, October 1837 — January 1838, page 
27; Helmholz, Die Lehre von den Tonempfindungen, 
Part I. section 5, article 7; Tyndall, Lectures, page 200, 



105. Explanation of the foiination of vowels and 
consonants by the human organs of speech. 

[ We are now iu possession of all that is necessary to 

explain the vowels of the human voice. The musical 
note, which in experiments is produced by the reed, in 
nature is produced by the vocal ligaments of the glottis. 
For the varied length of pipe iu Professor Willis's ex- 
periments, or for the conical or other receptacles of the 
" wave opened to different degrees in the experiments of 

preceding and following experimenters, we have the 
1 cavity of the mouth and nostrils and communicating 

I spaces, admitting of great changes at the will of the 
W speaker. This appears to be all that is required. 



On the production of consonants, we have little to 
remark. They depend on the mode of beginning or 
closing the utterance of the vowel-sounda. Sometimes 
this is done at the glottis, sometimes (in beginning the 
utterance) by lowering the tongue from the palate, 
Boraetimes by opening the lips, sometimes by opening 
the teeth. In some cases a vowel-sound must be formed 
before opening the lips; thus a momentary dull vowel- 
sound within the mouth, before opening the lips, appears 
necessary to give the sound bee; if there bo no such 
antecedent dull vowel-sound, the sound emitted will be 
pee. (This appears to justify the Greek medieval and 
modem writers, who to express the sound i in the lan- 
guages of Western Europe use the combination fiir.) 
In closing the utterance of the vowel-sounds, there is 
nearly the same variety. All these different modifica- 
tions give rise to different consonants; but they do not 
appear to involve any distinct principle which reqmres 
attention here. The roaring sound (tJiat of r), the hiss- 
ing sound (that of s), and the guttural sound, which 
however seems to be produced rather in the palate than 
in the throat (that of ach or och), with such dependen- 
cies as sh, th, appear to be abandonments of musical 
utterance, and probably do not require any action of 
the vocal ligaments; their peculiarities are given by 
the tongue, teeth, cheeks, and lips. 
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106. N'otes on the orgaria of hearing; deafnesa. 

Of the raeclianiam of hearing we know almost 

nothing. It is easily ascertained that the opening from 
the external air expands somewhat into a chamber 
where the wider part is closed by a stretched membrane 
called the membrana tympani, which in the healthy 
state is continuous, hut which is sometimes punctured 
or slightly ruptured without producing great injury to 
the power of hearing. Beyond this is a cavern which 
communicates with the interior of the mouth by a pas- 
sage caJIed the Eustachian tube. The author of this 
Treatise, in descending to a gi'eat depth under water in 
a diving-bell, lias suffered the pain (so often described) 
produced by the increase of atmospheric pressure on the 
exterior surface of the membrana tympani, which can 
be rebeved at any depth by that motion of the swallow- 
ing muscles which enables a person to swallow the 
saliva; a motion that appears to open the Eustachian 
tube and to allow air to enter through it to the interior 
surface of the membrana tympani. But he also re- 
marked that, in reascendiog, as the pressure of air within 
the mouth diminishes, the condensed air, next the in- 
terior surface of the membrana tympani, opens the Eus- 
tachian tube from time to time, and escapes into the 
mouth, giving the sensation of a loud crack. 

The habitual state of the Eusttachian tube being that 
of complete closure, the internal cavity resembles that 
of a kettle-drum; and there seems to be no doubt that 
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viliration of the membrana tympani corresponding to 
the vibration of the air in the sounds whicb present 
themfielvea is — like the vibration of the parchment of 
the kettle-drum — the first element in the transmiasion 
of sound. Beyond this, we know nothing. There are 
amall bones in a state of pressure, and there are curved 
tubes charged with fluid, and there are fibrous fringes; 
but we know not the function of any of them. 

It seems likely that some advance might be made 
in our knowledge by a study of the phjeuomena of deaf- 
nea.^. There is frequent misapprehension on the charac- 
ter of this loss of sense. In many cases, and perhaps 
ultimately in all cases, it is an incapability of hearing 
anything; but in a far greater number of cases it con- 
sists in hearing too much ; in an excessive sensitiveness 
to certain sounds which, by a species of resonance, mix 
themselves with other sounds so as to produce confusion. 
In an instance that lately carne under our observation, 
we remarked that the two notes which we have marked 
Ajf and af produced a very painful effect, of the charac- 
ter of confused loud resonance. With this, or follow- 
ing this, was a frequent failure to perceive the hissing 
sound of s; and perhaps the general sensibility to 
sound diminished. But we are quite unable to say 
what part of the animal structure was the seat of the 
organic fault. 




Figure 1 represents the state of the barometer-tube 
when, after the tuhe with its closed end downwards 
has been filled with quicksilver, and when a cup or 
cistern nearly filled with quicksilver has been prepared 
. for its reception, the open end of the tube ia covered 
(as with the finger), the tube is suddenly inverted, its 
open end is plunged deeply into the quicksilver of the 
eiatem, and the finger or other covering ia withdrawn. 
Then, if the length of the tube exceed 32 or 33 inches, 
the upper surface of the quicksilver drops, as shewn in 
the figure, leaving a vacuum above it, and eshibiting a 
column of quicksilver whose height, measured from the 
surface of the quicksilver in the cistern, represents the 
pressure of the atmosphere on that surface. 

Figures 2 and 3 represent curved tubes in which the 
pressure of quicksilver (above wliich is vacuum) in a 
long column balances the aggregate of atmospheric pres- 
sure and the pressure of quicksilver in a short column. 

Figures 4 and 5 represent curved tubes in which 
there is a certain quantity of air between the surface of 
the quicksilver and the closed end of the tube. In 
Figure 4, that air is allowed to expand itself, till ita 
diminished elasticity, added to the pressure of a long 
column of quicksilver, balances the pressure of the 
atmosphere added to that of a short column of quick- 
silver. In Figure 5, the pressure of the atmosphere, 
added to that of a long column of quicksilver in the 



open tube, overcomea the pressure of a short culumn in 
the closed tube, and condenses the air above it till its 
elasticity is so much increased as to produce, with the 
weight of that sthort column, a balance of pressures. 

Figure 6 represents the movements of particles of 
air in a horizontal column, when waves of condensation 
and expansion pass continuously through them from ■ 
left to right. The first line represents the particles as 
at rest; the remaining five lines represent them in 
successive states as the waves advance successively 
more and more to the right. The delicate curved 
lines nearly vertical shew the successive positions 
of the same particle : the movement of every parti- 
cle is obviously oscillatory. If we examine the mo- 
tions of one particle, for instance g; we see that at 
the time T it was at its undisturbed or mean position, 
but moving backwards; but the condensation of par- 
ticles before and behind were equal, so that there was 
no tendency to alter its velocity. But at the time 
I" + 7 it had gratlnally approached to and had reached a 
position in which, respect being also had to the posi- 
tions gained by neighbouring particles, the condensation 
and consequent clastic force were much greater in rear 
than in front, and there was a tendency to throw it 
forward. Carrying on similar considerations to the times 

2"+^^, 2"+^, T+T, it will be seen that, at every 
time, the forces produced by the supposed motion of the 
particles are such as arc able to maintain that supposed 
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motion of the particles. It will also bo seen tliat 
Letween the time T and the time T + t, every particle 
lias described its complete donble oscillation backward 
and forward; aiid also that the state of condensation 
has advanced in the same interval of times, from a to a, 
or through the iaterval between two waves. 

In Figure 7, the motions of every particle (which 
are entirely vertical) maybe imitated exaddy by those 
of a stretched cord. The reader is referred for these to 
the author's Treatise On the Undulatory Theory of Li^ht, 

In Figure 8, the motions are more complicated, 
being compounded (for each particle) according to this 
law: that the horizontal parts of the motion are exactly 
those ill Figure fi, and the vertical parts are exactly 
those in Figure 7: the place of greatest elevation cor- 
responding to the place of greatest horizontal condensa- 
tion, and the coefficients of vertical and horizontal dis- 
placement being sensibly equal. The author ha.s treated 
of this subject in the Enci/clopcedia Metropolitana, 
'■ Tides and Waves." 

Figures !), 10, 11, appear to require no explanation 
beyond that in the text. 

In Figure 12, right-hand figure, is represented a 
crooked wire which can be pressed upon the elastic 
lamina or tongue of the Reed. By thrusting this to 
different positions, the vibrations of the reed-tongue 
may be made to correspond more nearly with those due 
to the length of tlie organ-pipe. 

Figure 13 is explained in the text. 
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Figures 14 and 15 represent two complicated waves 
of the approximate concord of Octave formed with 
different intervals of the waves, which can in no wise 
be reconciled as similar, at whatever point either be 
supposed to commence; and thus the eSect which their 
alternation producciB in creating beats (see Article 92)' 
fully justiiies the opinion of practical musicians (Bee 
Article 87). 

Figures 16 and 17represent two complicated waves of 
the approximate concord of Fourth ; which can be made 
a little more similar by beginning the first at its middle 
point, but which will always have a veiy sensible differ- 
ence. They therefore produce beats (Article 92), but 
not so remarkable as those of the approximate Octave. 

Figure 18 shews the intense heats produced by the' 
approximate Unison. 

In the second diagram of Figure 20 is exhibited a 
view of the top of thefir.st diagram of Figure 20. Each 
of the laminae ia mounted as in Figure 19 (two laminsa- 
facing each other), and the blast of air from below B 
parat«s them, in concave forma. 

In the second diagram of Figure 21 is exhibited 
view of the top of the first diagram of Figure 21. 
When the blast of air enters from below between thi 
two laminse separated to a distance, it sucks them to- 
gether with forms convex to each other. 

Figure 22 is explained in the text. 
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It will be instructive to examine the law of radial 
movements of the particles of air, both without and 
within £he spherical or hemispherical bell, as depend- 
ing on the distances of the particles from the belFs 
center. 

We have found that when F^ocyR, while R is 
considered as a function of r and v only, 



1 d^H 



dH ^ 



in which expression ^ is a function of v only, v being 
= a« — r. 

And, similarly, if we had considered £ as a func- 
tion of r and u only, u being ^at-\-r, we should have 
found 

where i is a function of u only. 

And the most general expression for i2 is 

1 d^H 



£ = -{ 



3' dv 
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274 ON SOUND. 

Then the velocity of a particle of air in the direction 
of the radius from the center of the bell is 

X dF V dF z dF 

_. _ _ J. *^ ^ h — . - — 

r' dx t' dy r' dz* 
(25 dR] 

xy d jRf^) . 



or ^ 



r" dr 



which becomes, in the general case, 

!ry d^\ S' do''^ ^ dv ^ 
fdr] 1 d*L ., dL ^ - 



-8 



\' 



It will be remarked here that ^ is purely a function 

of the angle of inclination of the radius in question to 
jr, y, and -?; not changing its value while the direction 
of the radius remains the same, and never becoming 
indefinitely great. 

Performing the actual diflFereptiation of the ex- 
presHion above, and remembering that 

di) ^ du _^ ^ 

this becomes 

{ 1 d^H ^, 4i d'H ^ ^ dH ., ^^_, 

ry ] 3 dv* 3 dv* dv 

1 (f i ., 4 d'i ^ . ^ dL .3 ^^ ^ ' 

3 da' 3 dt*" rfu 
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First, w6 will consider the radial movement of 
the particles of air external to the bell. 

Let b be the radius of the bell. The radial move^ 
ment of the surface of the bell (which must be the 
same as the radial movement of the particles of air 
in contact with the bell, external and internal) will 
be found by putting h for r, in the functions 

„ J. dH dL p 
^' ^' -dv' Tu ' •^^- 

as well as in the explicit factors. And, as the move- 
ment of the bell is arbitrary, the forms of the functions 
must be adapted to represent that arbitrary motion 
when r = 6. It will be remembered that all functions 
of v or a^ — r then become functions of at — J, and 
that all functions of u or at^ r become functions of 
at + b, in which the only vai'iable is t 

Algebraically, we may take any forms for -ff and L 
which upon substituting b for r will cause the function, 
that we have lately found, to represent the movement 
given by arbitrary causes to the bell. No terms be- 
come infinite, and there is no other algebraical con- 
dition whatever. But practically there is this con- 
dition; we suppose the waves to begin at the bell 
and to flow outwards;, and therefore we must reject 
the terms depending on u, and retain those depending 
on V. In any simple assumption for the motion of the 

bell, ^ for instance ^A^ sin {Bt + G), (or any as- 
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semblage of similar terms with different constants,) 
there will be no difficulty in finding the general fomi 
of the function H which, when it is substituted in the 
bracket above, and when finally h is put for r, gives 
the assumed value for the motion of the bell. 

Secondly, in regaixl to the movement of the par- 
ticles of air within the bell. 

It is impossible to define these by means of the 
functions of v only (contained in the first line of the 
bracket), because when r = they receive infinite 
multipliers, and there is no tendency in the different 
terms to destroy each other. The only possibility of 
giving a solution which is admissible depends on the 
combination of functions of v and u. We will examine 
into the practicability of so arranging these that no 
infinite terms shall remain. 

We will first make a change which is convenient, 
though not necessary, in the expression for B, 

and r-\ ^^ {Lr'') = J »- - Xr-. 

Differentiating this. 
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This is the same as the term in B which depends 
on L. And therefore the term in the radial motion 
of the air which depends upon L may be expressed by 

And it will be found on trial, giving due attention to 
the cii'cumstance that -i- = r— , that the very same 

expression applies to the term depending upon JET, only 
substituting H for L, 



For the air within the bell, let M and N be the 
functions of v and u. It is at present our special 
object to examine the movements when r is very small 
or 0; and therefore we will expand the expressions 
in powers of r. Let if^, W^, W,, ^M^, *if,, ^M^, &c., 

be the values of if, ~j- , -;y-T> "j~r > &c., when r=0; 

or when v, which ^ at — r^ is reduced to at. These 
quantities M^, ^M^, &c., are functions of t, but not of r. 
And let N^,^N^y &c., be quantities having the same 
relation to N. Then the radial displacement of the 
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will be found by substituting the following values for 
M and N\ 



J\r=iV.+W,r+W..^+W,|3ViV„.2^g^+W,2-^+&c. 

the general term of Jlf + N being, for every term ex- 
cept the first, 

The corresponding general term of radial displace- 
ment, formed by use of the expression above, will 
be 

3- ^8-U a; • ^^0+ ^v,)X ^2.3 ri "^ • 

and, forming the first term by independent use of the 
expression, and forming the other terms by making n 
successively =1, 2, 3, &c., we obtain for the radial 
displacement, 



1 xy 
3r* 



-(ilf,+iV'J.9r-+ei/o+WJ^+(W,+*JVo). ^ 



2.4 



+ (-'if, + «iV,).3^ + &c. 



Now, if M='f{v), let N^'-'^{r{u). Then, when 
r = 0, Jf = -^(aO, N.= - f{at), and if^ + JV; = 0. 



ADDENDUM TO ARTICLE 54**. 



279 



The same holds for the sum of every pair of differ- 
l ential coefficients of even order : those of odd orders 
I have equal values with similar sigus. And the entire 
^ rexpresaioa for radial motion is 



and tliere is no infinite term. 

Thus the only condition wliicli, algebraically, re- 
quires attention, is that the functions of u and v be 
similar in form, hut affected with opposite signs. 

The radial movement, derived from an expression 
above, with attention to this consideration) will now be 

[ 3" </«' 3' dw' 

The form of ih? function ^ ia to be determined 
by trial so that, when the several difl'erentiations are 
performed and b i? substituted for r, the radial 
movement will correspond with the assumed motion 
{^ tbe bell. If the law of assumed motion of the 



bell be simple, as for instance -, A . 



n+C), (or 



any assemblage of similar terms with different con- 
stants,) there will be no difficulty in finding a form 
for -^fr. 
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ARISTOTLE ON FALLACIES ; OR, THE SOPHISTICI 

ELENCHI. With a Translation and Noles by Edward PostB, 

M.A., Fellow or Oriel Collie, Oxford. 8vo. S/. &/. 

Btsida tht daOrint bJ Fallacits, AriitalU offers, lilAer in tkia /A 

ar in ether passages jvnted in the coHimtHlary, various glances m/t 

world of leieiue and ofiniaM, various suggestioHS or problems vihicH an'.' 

Hill agila/ed, a'ld a vmid picture of the ancient system of diaiedks, vkUX 

it is hoped may be found both inieresling and iiistractaie. 

Aristotle. — AN INTRODUCTION TO ARISTOTLE'S 
RHETORIC. With Analysis, Nolea, and Appendices. Bjr E. 
M, Cope, Seiiior Fellow and Tutor of Trinity College^ Cam- 
bridge. Svo. 14J. 
This work is inCroduelory to an tdilion of the Greek Text ej JrutotUi 
Rhetoric, which is in course of preparation. lis object is to render that 
trtatiie thoroughly' intelligible. The author has aimed to illuitrale, as 
preparatory to the detailed explanation of the tuark, the general bearingl 
and relations of the Art of Rhetoric in itself, as -well as the special made of 
Irtating it adopted by Aristotle in his peailiar system. The evidmce m 
obscure or doubtful guestioHs connected mith the subject is examined; i 
the relations -aihieh Rhetoric dears, in Aristotle's vteiii, to the kindnd art 
rfLeg^ are fully coHsidend. A connect^ Analysis of thework is gi 
sometimes in the form of paraphrase ; and a few important matters art'- 
separately discussed in Appendices. There is added, as a general AppendiXt 
by ajoy oj specimen of the antagonistic system of Iiocrates and others, a 
eoiaplete analysis of the treatise called "fifraptx^ 'P^'' 'AA^favSpsf, viith a 
discussion of its authorship and of the probable results of its teaching. 

Cicero. — THE SECOND PHILIPPIC ORATION. With a 

Introduction and Notes, translated from Ihe German of KarIi 

Halm. Ediled, witli Corrections and Additions, by John E, B. 

Mayor, M.A., Fellow and Clnssicnl Lecturer of SL JoWa 

Collego, Cambridge. Third Edition, revised. Fcap. Svo. g. 

This volfime opens with a List of Books useful to the Student of Cicero, 

ineUiding History, Chronology. Lexicons, and some account y voriatii 

editions, mostly German, of the works of Cicero. Tie IntrodHctieH H 



iajfd an J/airn : ■whtri IIjIih gives a rtfertnci lo a classic, thi passagt has 

tun commaHly prinud at Unglh ; vihere the re/eraia ii la J/a/m'i Hotti 

m BlAer CictrBnian sftetirs, or lo modern books, tlu additional mailer hots 

itai incorforattd : and tht numerous Greti quotations ktaii beat rendered 

into English. The English editor has further illuilraltd the iverk by 

addUimu drawn. Jot the most part, (i) from the ancient authorities; (2} 

from his men frtvate marginal re/erencts, and jrom collectioni ; Hi from 

lit notes 0/ previous eommentators, A cotiaus ' argument ' is alio given. 

THE ORATIONS OF CICERO AGAINST CATILINA. iWith 

Notes Inmslated chieSy &om Halm. By A. S. WlLKlNS, M.A. 

Fcap. 8vo. 3J. &/. 

Jiii edititm is a reprint of the one prepared iji Professor Halm for 

OrdlUs Cicero. The historical introduction of Jttr. WUIdns brings 

tt itker all the details -mhith are known respecting Catiline and his 

rda&ms viilA the great orator. A list of passages Tohere conjectures 

kmit been admitted into the text, and alio of all variations from Ike text 

If Xayar il&fi2) it added at the end. finally the English Editor has 

suhjoined a large number of notes, both original {distinguished fiy a 

^fore bracket) and selected from Ctirtius, Schlasthtr, Corsten, and 

other lorll-itunvn critics, an analysis of the araHoni, and an index. 

DEMOSTHENES ON THE CROWN. The Greek Text with 

Englisli Notes. By B. Drake, M.A., late Fellow of King's 

Collie, Cambridge. Fourth Edition, to which is prefixed 

>ESCHINES AGAINST CTESIPHON. with English Notes. 

Fcap. 8vo. 5J. 

An Introduction discusses tht immediate causes of the tvro orations, and 

their general character. The Notes contain frefuent references to the test 

authorities. Among the appendices at the end is a chronological table oj 

the life and public career of jE-schines and Demosthenes. 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 

A brief Sketch of the Fables of the Ancients, prepared to be 

rendered into Latin Verse for Schools. By F, Hodgson, B.D,, 

Jaie Provost of Eton. New Edition, revised by F. C. Hodgson, 



M.A. iSroo. y. 
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Tlie late Provost nf Eton has ktri supplitd a hilp It the eompoiiiion ef 
Latin Vctsit combimd niilA a braf miroiiuclien to ClassUal Afytkoiogy. 
Ih liii new tdUien a few mistata have bim recli^td ; rulii have betf 
aJJtd l» tAe Prosody ; and a more un^brm tytirm has bttn adopted with 
regard It Ikt kelp afforded, 

Juvenal — Thirteen Satires of JUVENAL. With a Commentary, 

By John E. B. Mayor, M.A., FeUow of Sl John's CoU^e, 

Cambridge. S^ond Edition, enlarged. Parti. Crown Svo. sewed. 

y.6d. 

The text is aetompanied by a eopwus Commentary. For varinuj nala 

ike author is indebted ta Professors Munro and Coidngton. All the 

(itatitns have bteu taken aneia front the sriginai authors. 

Marshall a table of IRREGULAR GREEK VERBS 

cliusilied accoriling to thearrangementof Cuitius' Greek Grammar. 
By J, M. Marshall, M.A., Fellowand late Lecturer of Braaenose 
College, Oxford ; one of the Masters in Clifion College. Svo. 
cloth. IS. 
The system of this table has been borrowed from the ixcelUnl Greet 

Grammar of Dr. Curlius. 

Mayor (John E. B.}— FIRST GREEK READER. Edited 

after Kari. Halm, with Corrections and large Addiliona by JoKN 
E. B. Mayor, M.A. Fellow and Classical Lecturer of St. John's 
Collie, Cambridge. Second and Cheaper Edition, Fcap. 8vo, 

A selection oj short passages, serving to illustrate espedatly the Greek 
/lecidence. A gaed deed of syntax is incidentally taught, and Madvigand 
pthtr books are cited, for the use of masters : but ne learner is exfected ta 
kiunn more of syntax than is contained in lAe Notes and Voeaiuiary. 
A preface " Ta the Reader," not only explains the aim and method ^ J 
the volume, but also deals with classieal iastructkn generally. The [ 
extratts are uniformly in the Attic dialect, and any Hellenistic fomts 
occurring in the original classic authors, sueh as ^lian and Pofybms, 
have teen discarded in favour of the carrespending Attic expressioHs. 
This ioui may ie used in connexion laitk Mayor's " Greek for BeginHers.*^ 



Mayor (Joseph B.)— GREEK FOR BEGINNERS. By the 

Rev. J. B. Mayor, M.A., Professor of Classical Literature in 

Xing's College, London. Part I., wilh Vocabulary, u. 6J. ; 

Parts 11. and 111., with Vocabulary and Index, Jr. 61/. ; complete 

in one vol., fcap. 8vo. cloth, 4J. 6rf. 

7%/ distinclipe mrtkod 0/ this boot eansuis in iuildiHg up a ^'r 

imrwUdgi of Grttk upon tht foundation of kit ttunnltdgz oj Engliii. and 

Latin, instead of trusting everything to the unasiistai memory. The 

farms and constructions of Greek have been Ihoreughly compared jeitA 

those of Latin, and ho Greek words Have been used in tit eariicr fart oJ 

the book except tuch as hose connexions either in English or Latin. Each 

step leads natural^ on to its successor, grammatical forms and rules art 

at onet applied in a series of graduaid exercisei, accompanied by a\ 



Thus the book serves as Grammar, Exercise book, and 
Vocahdary. Wha-e possible, the Grammar has bun simplified; the 
ordinary ten dcclcnsieus ore reduced to three, lahich correspond to the 
first three in Latin ; and the systeni of stems is adopted, A general 
Vocabulary, and Index of Creek words, completes the ■work. 

Peile (John, M.A.)— an INTKODUCTION to greek 

AND LATIN ETYMOLOGY. By John Peile, M.A.. Fellow 

and Assistant Tutor of Christ's College, Cambridge, formerly 

Teacher of Sanskrit in the University of Cambridge. Svo. icir, f>d. 

Tliese Fhilalogicat Lectures are the result of Notes made during the 

autkar's reading during llie last three or four years. These Notes -aiere 

put into the shape of lectures, delivered at Christ s College, during the last 

May term, as one set in the " Intercollegiate" list. They are nam printed 

viith some additions and modificationi, but jubslanlially as they tatre 

delivered. 

Plato.— THE REPUBLIC OF PLATO. Translated into English, 
with an Analysis and Notes, by J. Ll. Davies, M. A., and D.J. 
Vaughan, M.A. Third Edition, with Vignette Portraits of Plate 
and Socrates, engraved by Jeens from an Antique Gem. l8mo. 
4J. bd. 
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An introductory nctia supplia some account nf the life bJ Plalo, and 
ths tramtation ii praaieJ 6y an ilaboraU anafysit. " Tit translators 
have," in the judgmatt of tki Saturday Review, "produced a book mhick 
any rtader, luhethcr acguatnttd -with the original or not, can f trust VHlh 
tleaiuri as will as firofit. " 

Plautus (Ramsay).— THE mostellaria of plau- 

TUS. Wilh Notes Critical and Explanatory, Prolegomena, and 

ExcutKiia. By William Ramsay, M.A., formerly Professor oi 

Humanity in Ihe University of Glasgow, Edited by Professor 

George G. Ramsav, M.A., of the University of Glasgow. Svo, 

I4J. 

" The fntils oj that exhaustive raearch and that ripe and wdl-digesled 

schBlarship which Us author iroHchl to bear upon eoerythiag that lit 

Hudrrtooi are visible throughout it. It is furnished ivilk a eompldt 

apparatus of prolegpmtna, notes, and excia-sus ; and for the use of Vetera* 

ickoiars it frooably leaves nothing to be desired." — Pall Mall GAZETTE. 

Pott3 (Alex. W., M.A.>— HINTS TOWARDS LATIN 
PROSE COMPOSITION. By Alex. W. Potts, M.A., late 
Fellow of St. John's College, Catobridge ; Assistant Master in 
Rugby School i and Head Master of the Fettes Collie, Edinburgh. 
Second Edition, enlarged. Extra fcap. 8»o. cloth. Jr. 

Those engaged in Classical ttacking seem to it unanimously if iht 
opinion that Composition in Latin Prose is not only the most ^icienl 
method of acquiring a mastery of the Latin language, tut is in Useff 
a valuable means of mental training, and an admirable correclk'e af same 
of the ■uxrrst features in English -amting. An attempt is here miuie to 
give students, after they have master^ ordinary syntactical rula, tome idea 
of the charaettristies of Latin Prose and the means to he employed la 
reproduce them. Some notion of the treatment of the subject win 
gathered Jrem the ' Contents? Chap. I. — Characteristics of Classical 
Latin, Hints on turiii'ig English into Latin ; Chap. II. — Arrangement 
of Words in a Sentence; Chap, lU.— Unity in Latin Prose, Subject and 
Object ; Chap. IV.— On the Period in Latin Prose ; Chap. V.— 0« the 
position of the Relative and Rdative Clauses. 
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Roby — A LATIN GRAMMAR forlhelligherClBMe* in Gramnur 
Schools. By H.J. Roby, M.A, {Inlhtl^ai. 

Sallust.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. By C. 
Merivale, B.D. (In the present Edition the Notes Iiare been 
carefully revised, and a few lemarks and explanations added.) 
Second Edition. Fcnp. Svo. 4/. (>d. 

The JUGURTHA and the CATILINA may be had separately, price 

This idition a/ Sallust, prepared by Ihi i/iiliKsiiiiitd kistorian of Some, 
ceniaim an inlreidMetion, csiutriing Ike life and loorkj of Sallutt, lislt 
af the Cemuls. and elaborate notes. 

Tacitua.— THE HISTORY OF TACITUS TRANSLATED 
INTO EN'GLISH. By A. J. CMt;RCK, M.A., and W. J. 
BitooRlSB, M.A. Witli Nuleii and a Map. 8vo. \os.fid. 
The translators Aave tttj^avosrid to adhere cu elaiefy la Ike original as 
was thought coHsislent with a proper obseraana of English idiom. At 
tht same time, it has beat tluir aim to reproduce the precise expressions I't 
thi anther. The campaign of Civitis is elucidalid in a note of tome length, 
which is illtislratai by a map, conlaining the names ofplacis and of tribes 
KCttrringintkework. There is also a complete account oj the Kovtatt army 
at it was constituted in tht tiinc of Tacitus. This work is cAarat/erised 
fy tic SpeOaloi as " a scholarly and faithjvl translation." 
THE AGRICOLA AND GERMANIA OF TACITUS. A Rerised 
Text, English Notes, and Maps. By Alfked J. Church, M.A., 
andW. J. Bkodribb, M.A. Fcap. Svo. y. ^. 
" We have endeavoured, with the aid of recent editions, thoroughly to 
ducidale the text, explaining the various difficulties, critical and gramma- 
tical, tohich occur to the studrHl, JVe hove consulted throit^out, hsides 
the ^der commtnlalors, the edilioas of Ritler and Orelli, but wi are 
under spsial obligations to the labours of the recent German editors, fVex 
and Krit%." Two Indexes are appended, (ll of Proper Names, (l) oJ 
Words and Phrases explained 
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Tacitus — continued. 

THE AGRICOLA and GERMANIA may be had separalely, price 

THE AGRICOLA AND GERMANIA. Transited into English 

by A. J, Church, M.A., and W. J. Brodribb, M.A. With 

Maps and Notes. Extra fcap. 8va ai. fid. 

Tkt translators have smtght to product such a version as may satisfy 

srholars who dtmani a failkpU rmdaing of the original, and EngliiA 

readers -who are offended by the baldness and frigidity which commonly 

disfigure translations. The treatises are accompanied by introductinns, 

notes, maps, and a chronological summary. The AthenEum says of this 

imrk that it is" a versioti at onariodabk andexact, which may be perused 

with pleasure by all, and coiuulled wilA advatitage by the classieat student." 

Theophrastus. — the CHARACTERS of THEO- 

PHRASTUS. An English Translation from a Revised Text. 

With loiroiluction and Notes. By R. C. Jebb, M.A., Public 

Orator in the University of Cambridge. Extra fcap, 8vo. 6s. 6d. 

To tie aueragr English reader Theophrastus is little known. At tht 

present time, iilhen there is a general desire to see ancient lifr mart vividly 

on every side front tahick it can illustrate our own, it seems possible that 

the characters of Theophrastus ntay possess same potent interest. The text 

has undergone careful revision. An Introduction supplies an account t^ 

the origin of the book, and of writers who have imitated it: as Hall, 

Sir Thomas Overhury, mnd others. The notes are for the most fart 

selected from ancient sources. 

Thring. — Works by the Rev. E. THRING, M.A., Head Master 
of tlppingbaiu SchooL 

A LATIN GRADUAL. A First Latin Construing Book for 
Banners. By Edward Turing, M.A. New Edition, enlarged, 
with Coloured Sentence Maps. Fcap. 8vo, is. 6d. 
The Head Master of Uppingham has here sought to supply by easy steps 

tt knaioltdge of grammar, combined with a good Vocabulary. J'assaget 

have been selected from tie best Latin authors in prose and verse. TAeu 
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Thring — eontmued. 

passagts an gradually buUt vp in tkiir gtammaiicai i 
finally priiUcd in JiiU. A short practical manual i^ common mMd coH' 
slnulioHS, milA Ihar English eqtmi^ents, firms a stcond part. 
A MANUAL OF MOOD CONSTRUCTIONS. Fcap.Svo. \s.(,d. 
Treats of Ihi ordinary moxl canslrvclions, asfimnd in Ihi Latin, Creek, 
end English languagisi 
A CONSTRUING BOOK. Fcap. 8vo. 2s.6d. 

ThuCydidCS.— TH E SICILIAN expedition. Being Books 

VL and VII. of Thucydidea, with Notes. A New Edition, revised 

and enlarged, with a Map. By the Kev. Pekcival Frost, M.A., 

late Fellow of Sl John's College, Cambridge. Fcap. Svo. Jj. 

This edition is mainly a grammatical one. Attention is calUd to the 

force of compound verbs, and the exact meaning of ike various tenses 

employed. 

Virgil. — THE WORKS OF VIRGIL RENDERED INTO 

ENGLISH PROSE, wLth Introductions, Running Analysis, and 

an Index, by James Lonsdale, M.A. and Samuei. Lee, M.A. 

Globe Svo. p. dd.; gilt edges, 4^. &d. 

Tie preface 0/ this new volume it^orms us (hat " the originat has been 

faithfully rendered, and paraphrase altogether avoided. At the same time, 

the translators have endeavoured to adapt the book fa the use of the 

Elfish reader. Some amount of rhythm in the structure of the sentence 

has been ^nerally maintained; and, when in the Latin the sound of the 

laardi is an echo to the sense {as so frequently happens m yirgi/), an 

attempt has been made to produce the tame result in £ngiish." 

The genial introduction gives us whatever is known of the po^s life, 
an estimate of his genius, an account of the principal editions arui trans- 
lations of his vioris, and a brief vieio of the influence he has had on 
modem poets ; special introductory essays are prefixed to the " Eclogues," 
' ' Ceorgics, " and ' ' jEneid. " The tat is divided into sections, each of 
which is headed by a concise analysis of the subject ; the index conlains 
rejertnca to all the characters and events of any importance. 



Wright.— Works by J. WRIGHT, M.A., Ute Head Maatec of 

SutlQQ Coldfield School 
HELLENICA ; OR, A HISTORY OF GREECE IN GREEK, as 

related by Diodonis and Thacyitldes ; being a Pint GretJc Reading 

Book, with expUnaloiy Notes, Critical and HistoricaL Third 

CdicioD, with a Vocabulary, tzmo. y. bd. 
In the loil tweaty chapters of this valuinc, Thucydidts stetchts the rill 
and frogras o/lki Alhtniaa Emfirtin w cltor a styliand in such simfU 
langur^, thai the tdilor Aaj doubts wktthtr any tasier or marl inslruC' 
Uvi /Kissagis can be seUcled for Iht usf of the pupil who ii commaiciitg 
Creek. This beak includes a chmtKlcgieal table of Ike events recerded. 
A HELP TO LATIN GRAMMAR ; or. The Form and Use of Wordi 

in l^lin, with Progressive Exercises. Crown 8vo. 4J. ^d. 
This book is not intended as a rival to any of the excellent Grammars 
titrui in use ; but as a kelp to enable the beginner to undersland them. 
THE SEVEN KINGS OF ROME. An Easy Narralive, abridged 

from the First Book of Livy by the omission of Difficult Passages; 

being a Firet Latin Reading Book, with Grammatical Notes- 

With Vocabulary and Exercises. Fourth Edition, Fcap. 8vo, 5/, 
This -work is intendea to supply the pupil with an easy conslna'ng book, 
which may al the same lime be made Ikevehiele for inslruciing him in Iht 
rules of grammar and principles of comtositieti. The notes profest to 
teach what is comvionly taught in grammars. It is conceived thai lie 
tupil will learn the rules of construction of the language much more 
easily from separate examples, which arr pointed out to him in the course 
of his reading, and which he may himself set down in his note-book after 
some scheme of his awn, than from a heap of quotations amassed for hint 
by others. 

Or, separately, 
SEVEN KINGS OF ROME, y, 
VOCABULARY AND EXERCISES TO " THE SEVEN KINGS. 



CLASSIC VERSIONS OF ENGLISH BOOKS, 
AND LATIN HYMNS. 

The following works are, as the heading indicates, 
classic renderings of English books. For scholars, and 
particularly for writers of Latin Verse, the series has a 
special value. The Hymni Ecclesiae are here inserted, as 
partly falling under the same class. 

Church (A. J., A.M.)— HOR^ TENNYSONIANvE, sive 
EcloEae e Tennysono. Laiine reddilte. Cura A. J. Church, 
A.M. Extra tc&p. 8vo. 6i, 

Latin vtrsioru of Sdictioni from Tennyson. Among ihf authors an 
tke Ediiar, Ike late Prafessor CoiuHgton, Projissor Hedey, Dr. Hmey, 
Mr. Kebiel, and other gaitlcmtit. 

Latham — SERTUM SHAKSPERIANUM, Subnexis aliqimt 
eliunde excenitis floribus. Ijiiine reddidit Rev, H. Latham, M. A. 
Extia, fcap. 8vo. 5/. 

Bisidts versions 0/ Shaisf/are this volume eantains, among other piece!, 
Cray'i " Slfgy," CampbeWs " Hohenlinden," Wolffs " Burial of SW 
John Moore," and selections Jrom Cimiper and George Herbert. 



Lyttelton.— THE COMUS OF MILTON, rendered into Greek 
Verse. By Lord Lyttblton. Extra, fcap. 8vo. y. 



Merivale. — KEATS' Hyperion, rendered imo Latin Verae. 
By C. Mbrivale, B.D. Second Edit. Extra fcnp. 8vo. -^s.dd. 




J 
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Hymni Ecclesiae. — Edited by Rev. Dr. Newman. Extra 

fcap. 8va *is, 6d. 

Hymns of the Mediaval ChurcK The first Part contains selections 
from the Parisian Breviary ; the second from those of Rome^ Salisbury , 
and York. 

Trench (Archbishop). — sacred latin poetry, 

chiefly Lyrical, selected and arranged for Use ; with Notes and 
Introduction. Fcap. 8vo. ^s. 

In this work the editor has selected hymns of a catholic rdigious 
sentiment that are common to Christendom^ while refecting those of a 
distinctively Romish character. 
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Airy. — Works by G. B, AIRY, Astronomer Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crowo 8vo. cloth, 5^. 6J. 
It is hsped that the melkods of solution kin eiflaitiol, and the inslamis 

txhihiltd, v>iU be fiiunii sufficiint for applkaliontg nearly all IheimfOTlanI 

pnhltms af Physical Scienii, which require far tkar caiaflete invesligatieH 

the aia of PariiaJ Differential E^uotioitt. 



ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown Svo. cloth. 6s. 6d. 
In order to spare astronomers and observers in natural philosophy the 
confusion and loss of time ■which art produced hy referring to the ordinary 
treatises embracing both branches of probabilities {the first relating to 
ekances which can ie altered only by the changes of entire unili or in- 
tegral multiplei of units in the fundamental conditions of the proklmt ; 
the other concerning these chances ■which have respect to insensBle grada- 
Uans in tlu value of the element -measured) the present trad has been draain 
uP- It relates only to errors of observation, and to the rules, derivable 
fi-om the consideration of these irrers, for Ike combination of the resulls 
I <f observations, 

L 
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Airy (G. B.) — continued. 

UNDULATORY THEORY OF OPTICS. Deseed tor the U»e of 

Students in the University, New Edition. Crown Svo. doth. 

61. &£ 
The uiidulatory theory ej Optra is prtanted to the reader as kaaatg ike 
tame daims to his attmlioH as the Ihiory of gntvitatum : namely, lAat it is 
certainly true, atui that, by mathematical operations oj general degaiue, it 
teadi ta results of great interest. This tktory explains with aeeuraey a 
vast variety of phenomena of the most compliiated kind. The plan efiha 
tract has been to include those phenomena only lehich admit of cakuiaHoii, 
and the investigaiioHs are applied only to phenomena -aihick actually itoiu 
been observed. 
ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 

Mathematical Elements of Music Designed for the Use at Stodenti 

of the Uniyeraity. Crown Svo. 9*. 
This volume coniistt of lettions, vihich again are dijoded into nsimbend 
erticla, on the folloTOing topics : General recognition of the air as the 
medium vihuh conveys sound ; Properties of the air oh •which the forma- 
tion and transmission of sound depend i Theory of undulations ai appliii 
to sound, &'c. ; Investigation of the motion oj a wave oj air tirougi tie 
atmo^here ; Transmission 0/ leaves of toniferoia viti-alions through dif- 
jerent gases, solids, and fluids ; Experiments on the velocity of sound, 
6v.,' On musical sounds, and the manner of producing them ; On lie 
dements of musical harmony and melody, and of simple musical composi- 
tion ; On instrumental music ; On the human organs of speech and 
hearing. 
A TREATISE ON MAGNETISM. Designed for the use of 

Students in the University. Crown Svo. 91. 6d. 
Airy (Osmund.) — A TREATISE ON GEOMETRICAL 

OPTICS. Aiiapted for the use of the Higher Classes in Schools. 

By Osmund Aiky, E.A,, one of the Mathematical Masters in 

WeUington College. Extra fcap. Svo. y. 6d. 
" Tiis is, I imagine, the frit time that any attempt has been made le 
adapt the suiject of Ceomelrical Optics, to the reading of the higher 
classes in our good schools. Thai this should ie so is the more a malter 



tar rmark, liiue thi subja:! viBuld appear lo be PKuHarly fitttd far suck 
an adaptation. .... I Have endeavoured, ai muck as possible, ie avetd 
the example of those popular lecturers -wlw explain di^cullies by ignoring 
thm. Sat as the nature of my design neiessiialed brevity. I have omitted 
entirely one or two portion] of Ike lubjat whiek I considered umucetsary 
to a clear understanding of the rest, and tehith appear ft? tne ietler Imrtil 
at a more advanced stage," — Author's Preface. 
Bayma. — the ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy, 
Slonyhurst College. Demy 8vo. cloth, icu. 6d. 
Of the twelve Boohs into lahick the present treatise is divided, the first 
and second give the demonstralioH of the principles inkich bear directly en 
the constitution and the properties of matter. The next three books contain 
a stria of theorems and of probleini en the laws of metutn of elementary 
aibstanees. In the sixth and seventh, the mechantea! eenstiluHen ofmole- 
ndts it investigatid and determined : and by it the gateral prepertils of 
iediet are explained. The eighth iaolt treats of luminifereus etkir. The 
ninth explains some tpecuil properties of badiei. The tenth and dtventh 
contain a radical and lengthy investigation of chemical principles and 
relationt, tehith may lead to practical results of high importanet. The 
tttielfih and last book treats of molecular masses, distances, and powers. 

Beaslcy.— AN elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beaslev, 

M. A., Head Master of Granthani Grammar School. Second 

EditioQ, revised and enlarged. Crown %va. cloth. 3/. 6</. 

This treatise is specially inlmded fir use in schools. The cheiceaf mailer 

heu tern chiefly guided by the requirements of the three days^ examination 

at Cambridge. About four hundred examples have teen added la this editton, 

mainly collected jrom the Examination Papers of the last ten yean. 

Boole— Works by G. BOOLE, D.C.L.. F.R.S., Professor of 

Mathematics in the Queen's University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Ediliun. Edited by I. Todhunter. Crown 8vo. clolh. 
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Boole (G., 'D.O.L..')— continued. 

Profcstor Boole has endcuvoured in this trtaliu to eemiiy at comfltteoM 
account of tk{ present state of kiuruiledse an the subject of Differential Equa- 
tions, as iiou eoiisisltrtf with Ike idea of a v/ari intended, frimariiy,for 
elementary iHstniction, The earlier stctiens of each chapter contain that 
kind ef matter lakiek kits usifalfy been thought suitable for the beginner, 
•while the latter ones are devoted either to an account of recent discovery, or 
the discussion of such deeper questions of principle as ore likely to present 
themselves to the reflective student in connexion tailh the methods and 
processes of Ms previous caitflti 

A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 
mentary Volume. Edited by I. Touhuktsr. Crown 8vo. doth. 
8j. 6rf. 
This volume contains all that Professor Boole wrote for the purpose of 
ettiarging his treatise on Differential Equations. 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8yo. 
clotli. loi. bd. 
In this exposition of the Calailus ofMniteDifferences.particular attention 
has been paid to the connexion of its m^hods lailh those of tke Differattial 
Calailus— a connexion which in some instances imJohiesfdr more than a 
merefy formal analogy. The work is in some measure designed as a 
sequel to Professor Bool^ s Treatise on Differential Equations. 
CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 
WITH SOLUTIONS :— 
184S-1 851.— PROBLEMS. By Fkbrers and Jackson, 8vo. 

clatli. 1 5 J. M. 
1848-185 1.— RIDERS. By jAitESON. 8vo. cloth. Is. dd. 
jSS4. — PROBLEMS AND RIDERS. By Walton and 

Mackenzie. 8vo. doth. \as, bd. 
1857. — PROBLEMS AND RIDERS. By Cammom and 

Walton. 8vo. doth. 8j. 61/. 
186a— PROBLEMS AND RIDERS. By Watson and RouxK. 

Crown 8vo. doth. 7J-, &i 
1864.— PROBLEMS AND RIDERS. By Walton and Wil- 
kinson. 8vo. doth. loj. 6d. 
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Then volunus will be found of great value to Ttacitrs and SHidenli, as 

indicating the ttyle and range of matkemalical study in the Uniotnity of 

Cambridge. 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOSOPHY, (or the Degree of B.A. OriEinally compUed by 
J, C. Snowball, M.A., late Fellow of St, John's College. 
Fifth Edition, revised and enlarged, and adapted fol the Midtlle- 
ClasB Examinations by Thomas Lund, B.D., Late Fellow and 
Lecturer of St. John's College, Editor of Wood's Algebra, &c. 
Crown 8vo. doth. jj. 
This vmri will be found adapted in the wanli, not only of University 

Students, but also ofmatty others who require a short course of Mechanics 

and Hydrostatics, and esjieially of the candidates at our Middle Class 

£xaHiinaiions. At the end of each chafter a series of easy questions is 

added far the exercise of the student. 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. Svo. cloth, jl. 4J. 
Only a few copies remain on hand. Among Contribulors Ib tin 

wori will be found Sir W. Thomson, Stohes, Adams, Boole, Sir W. R. 

ffamSten, Oe Morgan, Cayley, Syltiester, Jellett, and other distinguished 

wialAematicians. 

Candler. — help TO arithmetic. Designed for the use of 
Schools. By H. Candler, M.A. Mathematical Master of 
Uppingham School. Extra fcap. Svo. zs, 6d. 
This wori is intended as a companion to any text book that may be 

Cheyne. — AN ELEMENTARY TREATISE ON THE 

PLANETARY THEORY. With a Collection of Problems. 

ByC. H. H. Cheyne, M.A.,F.R,A.S. Second Edition. Crown 

Svo. cloth Ss. dd. 

In this volume, an attempt has been made to produce a treatise on the 

Planetary theory, which, being elementary in eharaiter, should be so far 

compete, as to contain all that is usually required by students in lie 

University of Cambridge. This Edition has been carnally revised. The 

■aiilily of the Planetary System has been more fully treated, and an 
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TIIE EARTH'S MOTION OF ROTATION. By C. H. H. 
Cheyne, M.A., F.R.A.S. Crown 8vo. 3J. bi. 
TTiefiritfaTtefthh-mrkcaHshlsefaHafplkatioHoftkeviittuiileftkt 
vaiHation of eltmcnis to the genera! pmbUt'i ef TOfatian. In the seeand 
part the general rotation formula are apflied to Ike partkular cast ef 
the earth. 

Childe THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Ret. G. F. Childe, M.A., Author of 
'' Ray Sutfaces," " Related Caustics," he. tno. lOJ. id. 
The object of thh valutu it la dei-ehp peculianties in the Elli/isaid; 

and, Jurlher, to tstailish analogcu! properties in Ike unlimited congeneric 

series ef which Ikis remartaile surface it a cogslituent, 

Christie A COLLECTION OF ELEMENTARY TEST. 

QUESTIONS IN PURE AND MIXED MATHEMATICS i 

with Answers and Appendices on Synthetic Division, and on the 

Solution or Numerical Equations by Horner's Method. By Jambs 

E. Chbistie, F.R.S., lale First Mathematical Master at the 

Royal Military Academy, Woolwich. Crown Svo. cloth, 8j. id. 

The series ef Malkemalica! exercises here offered to the public is eoUteled 

from those vihich the author has, from lime to time, proposed for solutiem 

iy his pupils during a long career at the Royal Military Academy. A 

student who find^ that he is able to solve Ike larger portion of these exercises, 

may consider Ikal he is thoroughly vnll grounded in the eteniefitary pritt- 

eiples of pure and mixed Matkematies. 

Dalton. — ARITHMETICAL EXAMPLES. Progressively 
arranged, with Exercises and Examination Papers. By the Rev- 
T. Dalton, M.A., Assistant Master of Eton College. iSmo. 
cloth. %s,^d. Answers lo Ihe ExatHpla are appended. 



Day. — PROPERTIES OF CONIC SECTIONS PROVED 
GEOM ETHICALLY. PART L, THE ELLIPSE, witi, 
Problems. By the Rev. H, G. Dav, M.A., Head Master of 
Sedbni^ii Grammar Sqhool. Crown &vo. 3j. 6d. 
Thi objtet of this book is Ike introductian of a Ireatnifnl of Conie 
StetioHi which ihimld be simple and natural, and lead by an easy transi- 
tion to Iht analytical methods, withoul d^arting from the strict geometry 
af Euclid. 

DodgSOn.— AN ELEMENTARY TREATISE ON DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algelwaical Geomclty. By CHARLES L Dodgson, 
M.A., Student and Mathemaliial Lecturer of Christ Church, 
Oxford. Small 4I0. cloth. lot. (td. 

T%t object of the author is to present the subject as a ctntinuaus chain 0/ 
argument, separated from all accessories of explanation or illustration. 
All such explanation and illustration as seemed necessary for a ieginntr 
are introduced either in Ike form of foot-notes, or, inhere that imuld have 
eccufied too much room, of Appendices. 

Drew.— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. ByW. II. Drew, M. A., St John's CoUcge, Cambridge. 
Fourth Edition. Crown Svo. cloth. 4J. fid. 
Tn this viori the subject of Conic Sections has been placed b^ore the student 
in inch a firm that, it is hoped, after ma^ering the elements of Euclid, he 
noyfind it an easy and intiresting continuation of his geolHetricat studies. 
With a view, alio, of rendering the work a complete manual of what is 
required at the Unhiersitiis, there have either been embodied into the text or 
inserted among the examples, mery hooi-iterk question, problem, and rider, 
■mhieh has been proposed in the Catnbrid^ examittatiom up to the present 
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Edgar (J. H.)— note-book on practical solid 

GEOMETRY, Con tain ing Problems with help for Solutions. By 

J. H. Ej>car, M.A. lecturer on Meclisnicsl Drawing at the 

Ro]rsl School of Mines. 4I0. 21. 

In Uachinga large class, iflht mithud 0/ Itcturing and demonitntttng 

from tht black hard enly it fursvcd, the mere inttUigcnt sludend Aatn 

g-merallji ta hi i^t baci, from thr meessity of frcqttnl rtpaition, fir thi 

laki of tht Ua promising; i/ the plan of setting proilems la mci pupil it 

adopted, the teacher finds a difficulty in giving to each siigident attention. 

A judiciaui enmhinatiesi of helh mitAads is dauhlless Ike best ; and il is: 

hoped tial this result may be arrived at in some degree by the use of this 

took, which is simply a coltectinn of ixav-plis, with helps for solution, 

arraagtd in pmgrasive lectioHS. 

Ferrers — an elementary treatise on TRILINEAR 

CO-ORDINATES, the Method of Reciprocal Polnis, and the 

Theory of Projectors. By the Rev. N. M. Fkkkers, M. A., Fellow 

and Tutor of GonviUe and Cains Cotl^e, Cambridge. Second 

Edition. Crown Svo. (a. 6d. 

Tht object of the author in writing oh this subject has mainly httn ta 

place it on a iasis alto^dher ind^aidtnt oflht ordinary Cartesian system, 

instead of regarding it as only a special firm op Abridgtd Nolatitm, 

A short chapter on Dittrmi'iants has been introduced. 

Frost — THE FIRST THREE SECTIONS OF NEWTON'S 

PRINCIPIA. With Notes itid Illustrations. Also a collection of 

Problems, principally intended as Examples of Newton's Metbods. 

By Pebcival Fhost, M.A., lal« J"ellow of Sf. John's CoII^e, 

Mathemallcal Lecluier of King's College, Cambridge. Second 

Edition, 8vo. cloth, ioj. 6<i 

The author's pt incipal intention is to explain diffictillia which may be 

tnctuntertd by the student on first reading the Principia, and to illustrate 

the advantages sf a careful study of the mdhods employed by Neaitoa, t/y 

shmtiMf lie extent to which they may be applied in the salution ofpriMems ; 



ta kai also endeavBUrtd te fiw asiiilancc to the student viha is engagai in 
tht study of the higher tranches of ma/heTnaliis, by rtpratating in a 
gfomOrical Jortn several aj the processes employed in the Differential ana 
Int^ral Calculus, and in the analytical imieiligettians of Dynamics. 

Frost and 'Wolstenholme. — a treatise on solid 
GEOMETRV. By Pbrcival Fkost, M.A., and the Rev, J. 
WuLSTENHOLuK, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. dolh, iSj, 

TTie authors have endeavoured toprtsmt before students as comjirehensrvi 
a vital of the subject as fassible. Intending to maie the subject accessible, 
at least in the earlier portion, to all daises of students, Ihg/ hone tndea- 
vound to explain csmple/dy all the processes which are most tuefu! in 
dealing with ordinary theorems and prailimi, titii directing the student 
Is lie sdection of methods v/hich are best adapted to lie exigencies of each 
problem. In the mare difficult portions of the subject, th^ hone considered 
Atmselves to be addressing a higher elasi oj students ; and Ihey htaie there 
tried to lay a good foundation en which to build, if any reader should 
wish to pursue the science beyond the limits to which the wori extends. 

Godfray.— A treatise on ASTRONOMY, for the Use of 

Colleges and Schools. By Hugh Godfray, M.A,, Mathematical 

Lecturer at Pembroke College, Cambridge. 8vo. cloth. 121. &/. 

This booh embraces all those branches of Astronomy which have, from 

time ti time, been recommended by the Cambridge Board of Mathematical 

Studies: but 6y far the larger and easier portion, adapted to the first three 

days of the Examination for Honours, may be read by the more 

advanced pupils in many of our schools. The author's aim has been to 

eortaey clear and distinct ideas of the celeslial phenomena. 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the lime of Newton. 
By Hugh Godfray, M.A, Second Edition, revised. Crown 
8ni. doth. is. td. 
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That faga villi, is ii kapai, form an iMrodiiclion Is more rtcandUt 
■uierks. DifficultUs have bun distasiai at rmuiderai/t length. The 
s^tclien of Cht method fBtlBwed ivith regard lo anatytieal sehuiem, 
Vihich ii Iht same as thai of Airy, Iltrsah^, &•€. tbili made on account 
pf its rimflieiiy ; it is, mertover, the method ■which has o/iiaitud in the 
University ef Cambridge, 



Hemming.— AN elementary treatise on the 

DIFFEKENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A.. 
Fellow of St. John's College, Cambridge. Second Edition, With 
\i uid Additions. Svo. cloth. <j!. 



Jones and Cheync— ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. JoNES, M.A., and C. H. 
Cheyne, M,A., F.R.A.S., MathcmalicilMasterB of 'Westminslet 
School. New Ediiion. i8mo. cloth, is. 6d. 

This little boat ir ttltended In nutt a difficulty which is firobabfy/elt mart 
or less by all engaged in teaching Algebra lo beginners. It is, that whilt 
tietn ideas are being acfuired, aid ones are fergoUen. In the belief Ihai 
tanslanl practice is the only remedy for this, the present series of mitceU 
Jaiteous exercises has been prepared. Their peculiarity consists in this, 
that though miscetlatieoui they are yei progressive, and may be used by 
the pupil almost from the cOMmettcemetil of his studies. Th^ art not 
intended la supersede the systematically iirrvnged examples to be found in 
ordinary treatises on Algebra, but rather ft) supplement them. 

The booh being intended chiefly for Schools and yunior Students, the 
higher parts of Algebra have not been incltetled. 



Kitchener.— A geometrical NOTE-BOOK, containing 
Euy Problems in Geometrical Drawing preparatoiy to the Study 
Bf Geometry. For the Use of Schools, By F. E. Kitcheneb, 
M.A., Mathematical Muter at Rugby. 4to. 2s. 
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fit is Ihl ebjai of this book to maki mmiviay in overcommg tit di^cuitui 
ef Ceemarieal CBHteptian, iefert Ihi mind is calltd ta the attack ej 
(kemetrtcal thfortms. A fiai simple methods a/ eonslniclien an given ; 
and space is It/t on cacA page, in order that the Itarner may drav) W l/ii 

Morgan.— A COLLECTION OF PROBLEMS AND EXAM- 
PLES IN MATHEMATICS. With Answers. By H. A. 
MoKCAN, ^LA., Sadlerian and Matheraatical Lecturer of Jeans 
CoUcEE. Cambridge, Crown 8vo. cloth. 6r. fid. 
This taei coMains a mimirr ef problems, chiefly elementary, in tie 
AtatAtmatieal subjects usually read at Cambridge. TAejl have teen 
seitctld frtn the papers s^ during late years at Jesus College. Veryjeui 
ef them are to be hii» •aiilh in other collections, and by far the larger 
number are due to some of the most distinguished AtathematiciaHs in the 
Unioersity. 

Parkinson.— Works by S. Parkinson, D.D., F.R.S., FeUow«nd 
Tutor of St. Jolin's CoUi^, Cambritlge. 

AN ELEMENTARY TREATISE ON MECHANICS. For the 
Use of the Junior Classes at the UniveisiCy and the Higher Classes 
in Schools. With a Collection of Examples. Fourth edition, revised. 
Crown 8vo. cloth, gj. ftd. 

In freparing a/iMirih edition 0/ this work the author has kept the tame 
object in view as he had in tie firmer editions — namely, to include in a 
luti portions of Theoretical Mechanics as can be cimitnitntly investigated 
viithinU tit use oj the Di^erential Calculus, and so render it suitable as 
a manual for the Junior classes in the UniversUy and the higher classes 
in Schools. iVilh one or two short exceptions, the Student is not fresumea 
to require a kn^adedgeoj any branch^ of Mathematics beyond the elements 
ef Algebra, Geometry, and TrigotuHutry, Several addilionaJ propositiims 
haiie been incorporated in the laork for the purpose oj rendering it more 
complete: and the collection of Examples and Problems has been largely 
incrtaied. 
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Parkinson (S.) — continued. 



A colUetitm of aamplis and frsblemi has hem apfended te Ihii work, 
v.'kUh an sufficitntty numerous and varied in elutrailer Ib afford usefiJ 
exercise for the studml. For the greater part of them, recourse has been 
had to the Examinalioa Papers set in ike Unkiersily and the seueral 
Colleges during tie last twenty years. 

Phear. — ELEMENTARY HYDROSTATICS. With Numerous 

Enamples. By J. B. Pheae, M.A., Fellow Rod lale Assistant 

Tutor of Clare College, Cambridge. Fourth Edition. Ciowii 

Svo. cloth. 5^. 6d. 

This editiait has ieen car^lly revised tkroiighout, atul many naa 

illustrations and examples added, which U is hoped ■will mcreatt its 

us^lness to studetits at the Universities aud m Schools. In accordanct 

wiilh suggestions from many engaged in tuition, answers to ali Ike 

Examples kuve been given at the end of the hook. 

Pratt.— A TREATISE ON ATTKACTIONS, LAPLACE'S 

FUNCTIONS, AND THE FIGURE OF THE EARTH. 

By John H. Pkatt, M.A., Archdeacon of Calcutta, AnOioi of 

" The Mathematical Principles of Mechanical Fbilosophjr." Thild 

Edition. Crovra Svo. cloth. 6i, M. 

The author's chief design in this treatise is to give an anrteer lo 0u 

fiiestion, "Has the Earth acquired i/s freseat form from l>eing original^ 

in a ffuid state f " This Edition is a complete revision of the farmer ones. 

Puckle.— AN ELEMENTARY TREATISE ON CONIC SEC- 
TIONS AND ALGEBRAIC GEOMETRY, With Numeron* 
Examples and Hints for their Solution ; especially designed for the 
Use of Beginners. By G. H. Puckle, M.A., Head Master of 
Windermere ColleEc. New Edition, revised and enlarged. Crown 
Svo. doth. IS. 6d. 




xemmatdei &y the Syndkab of the Cambrid^ Local 
ExamiHa&em, and it the textbook in Harvard Utinnrsily, U.S. 



Rawlinson, — elementary statics, by the Rev. George 
Rawlinson, M.A. Edited by the Rev. Edward Stubges.M.A., 
of Emmanuel CoUeee, Cambridge, and late Professor of the Applied 
Sciencefl, Elphinslone College, Bombay. CrownSvo. doth. 41. 6d. 



Reynolds.— MODERN METHODS IN ELEMENTARY 

GEOMETRY. By E. M. Reynolds, M.A., Mathematical 

Ma»ler in Clifton College. Crown 8vo. Jt. td. 

Some change, it ii niidml, in our English loays ofleaeking tan now tie 

lon^ be postponed, and this little hook, mainly derived from FrtHch and 

German setirces, has been wrillen in the hope of facilitating that change. 

It has been eonitmeled on one plan throughout, that of altmq/i giving i« 

the simplest possible form the direct proof from the nature of the ease. The 

axion— necessary to this simplicity have been assumed without hesitation, 

and no scruple has been fell as to the increase of their number, or the 

aece^anci of as many elementary notiens as common experience places 

pail all doubt. 

The book diners most from established teaching in its coiislruclions, and 
in its early application of Arithnietic to Geometry. 

Routh. — AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., laie 
Fellow and Assistant Tutor of St. Peter's Collie, Cambridge ; 
Examiner in the University of London. Second Edition, enlarged. 
Crown 8vo. doth. 14/. 
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In Ihii cditiim the atUhsr Mas maiU snitral ajditioni te tmh ckafiCir, 
He hat tried, even at the risk tj some little repditiott, to make «wi 
tkapler, as far as possible, complete in ilstlf, so that alt that relates to any 
one part oflhtsuhjat may be found in the same place. This arrangement 
■aiUl enable every student to select his mun order in which tt read the 
suited. T%e Examples lehick mill be jeund at the end of each chapter 
have been chiefly selected from the Examitiation Papers which have been 
lit in the University and the Colltges in the last few years. 

Smith (Barnard).— Works by BARNARD SMITH, M.A., 
Rector of Glaston, Rulkndsliire, late Fellow and Senior Bursal 
oT St. Peler'a Collie, Cambridge. 



ARITHMETIC AND ALGEBRA, in their Principles and Applica- 
tion : with numerous By^tematlcally arranged Examples takeo from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Exaininalion for the B.A. Degree. Tenth Edition, 
Crown 8vo. dolb. los. 6d, 

7'his manual is now extensively used in Schools and Colleges, both in 
England and in the Colonies. It has also beenjound of great service far 
students preparing for the Middle Class and Ci'nil and Military Senna 
Examinatiens, from the care that has been taken to elucidate the principles 
ef all the rules. The present edition has beat cOr^ully revised. " To 
all those itikose minds are suffidetUly dei-elop^ tv comprehend the sttnfiat 
maikemaiical reasoning, and who have not yet thoroughly mastered the 
principles of Arithmetic and AlgehrOi it it calculated la be of great 
advantage. " — AT HRNAVu, 

Of this work, also, one of the highest possible authorities, the late Dean 
Peacock, writes : " Mr. Smith's work is a moil useful publication. The 
rules are slated with great clearness. The examples are -well selected, and 
■aisrhed tut with just iu£icient detail, without being encumbered by too 
minute explanatitins ; and there prevails throughout it that just proportion 
oj theory and practice, which is the crowning excellence qf an elementary 
■wurk." 
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Smith (Barnard) — continued. 

ARITHMETIC FOR SCHOOLS. New Ediuon. Crown Svo. 
cloth. 4/. td. 
Adapted from Ik! aathot'i TUcri oh " Arithmetic and Alg^ra," hy tkt 
amiaioit of Ihi atgebrak poreion, and by the inlrodiulioH o/ntw exercises. 
Tke rauiH 0/ each arilkmetkal pncea ii fiitfy exhiMtd. The jyitein tf 
Dteimal Coiuagi ii explained ; and answers to the exercises are a/^end/d 
mt tie end. TTiii Arithmetic is characterised as " admiraily adapted /or 
instmctioH, CBmiining just sufficimf theory with a large and -aidl-sdecUd 
tfllccUffH a/ exercisei for practice." ^OMVXkl.Q7 ^nwLKtXQ^, 

COMPANION TO ARITHMETIC FOR SCHOOLS. 

^PrepariHg. 

A KEV TO THE ARITHMETIC FOR SCHOOLS. Sevenih 
EdUion. Crown Svo. cloth. %s. hd. 

EXERCISES IN ARITHMETIC WithAnswers. Croivn Svo. limp 
doth. as. td. 

Ol Kold separately, Part L \s. ; Put II. ts. ; Answers, bd. 

Thesi Exercises have been published in order te give the pupil examples 
in every rule 0/ Arithmetic. The greater namier hoT/e been carefully 
tempiled from the latest University and School Examination Fapets. 

SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo. cloth. 31. 

Or sold separately. Parts I. and II. lad, each ; Part III. is. 

This manual, published at the request of many schoolmasters, and 
ekie/ly intended for Nalional and Elementary Schools, has been prepared 
on the same plan as that adopted in the authot's School Arithmetic, whiih 
is in ixttnsive circulation in England and abroad. The MetrKol Tables 
have been introduced, from the conviction on the fart of the authoi , thai 
the knsmtedge of such tables, and the mode of applying them, luiil bt oj 
great use to the rising generation. 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one volume, iSmo. cloth, 6j. dd. ; or Parts I. II. and III. 



Smith (BaTiiard)^^niinuaf. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. iSmo. clotli. Or sepsralely, 
Fait I, zi ; Part TI. 31/. ; Part HI. jJ. Answers, 6d. 

THE SAME, with Answers complete. iSrao. cloth. U. 6d. 

This SkUling Book of Ariihinetic hai bem prepared fur tkt utt bJ 
NatKoal and other uhoals at tht urgent riquat ef numerous masters ef 
lehseli heth at heme ami airoad. The Expiaitalions of the Rules, a«d 
the Examples ■will, it is hoped, be found suited to tkt must elementary 

KEV TO SHILLING BOOK OF ARITHMETIC. lEmo. cloth. 

4J. td. 
EXAMINATION PAPERS IN ARITHMETIC. iSmo. doth. 
is. 6d. The SEime, with Answers, iSmo. ts. gd. 
The object of these ExaminaliBtt Papers is to leit students tath in tie 
theory and practice of Arithmetic. It is hoped that the mttked adfipl^ 
tuiil lead students to deduct results from general principles rather than 
tt apply staled rules. The author believes that the practice of giving 
examples under particular rules makes the working oj Arithmetic quite 
mechanical, and tends fa thraia all but very clever boys off their ialanee 
luhm a general paper on the subject is put before them. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
iSmo, cloth, 4J. (sd. 



Smith (J. Brook) — ARITHMETIC IN THEORY AND 

PRACTICE, FOR ADVANCED PUPILS. By J. Brook 

SuiTH, M.A, Part I. Crown 8to. y. 6d. 

The following pages form tht first part of a Treatise on Arithm^ie, in 

■which the Author has endeavoured from very simple principles to explain, 

in a full and satisfactory manner, all the more important processes in 

that subject. The proofs have in all cases been given in a form entirtly 
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arithimtical, and at the md ef every ehapttr several fxamplis hant betn 
vjorkid oiU at ItHgtk, and the best practical method of operaiion cartfulty 
faiHted oui. 

Snowball.— THE elements of plane and spheri- 
cal TRIGONOMETRY ; with the ConstructCon •od Use of 
Tables of Logarithms. By J. C. SNOWBALL, M.A, Tenth Edition. 
Crown 8vo. doth. ^s. 6d, 
In preparing the present edilioa for the press, thi text ias teen 
subjected la a earful refiiion ,■ the prao/s of some of the more impor- 
lanl propositions have been rendered more strict and general ; and a 
considerable addition of more than two hundred examples, taken prinei- 
pally from the questions set of late years in thepablie examinations of the 
UrtBiersity and of indiuidaal Colleges, has been made to the coUeelion of 
Examples and Problems for practice. 

Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait and 
Mr. Steele. New Edition Enlaiged. Crown 8»o. cloth. lor. 6d. 
In this treatise will ie found all the ordinary propositions, connected 
aith the Dynamics of Particles, wkich can be conveniently deduced without 
the sise of ffAlembert^s Principle. Throughout the bosk will be found a 
tiumber of illustrative examples introduced in the text, and for the most 
far! completely worked out; others with occasional solutions or hints to 
assist the student are appended to each chapter. For by far the greater 
portion of these, the Cambridge Senate-House and Collie Examination 
Papers have been applied to, 

Taylor geometrical GONICS; including Anharmonic 

Ratio and Projection, with numerous Ejiamples. By C. TavLor, 
B.A., Scholar of St. John's CoUeEC, Cambridge. Crown 8vo. cloth. 
•!s.6d. 
This wori contains elementary proof s of the principal properties of Con. 

Sections, together with chapters on Projection and Anharmonic Ratio. 
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Tebay.— ELEMENTARY MENSURATION FOR SCHOOLS. 

With numerous Exnraples. By Septimus Tehav, B.A., Head 

Master of Queen Eljubeth's Cianunu' School, Rivington. Eitn 

leap. 8vo. 31. 6J, 

Tht objiet ef tht prestnt werk is la tnaUt b*yt te acqtiirt a madtrali 

intrjiUdgr of Mmsuralwn ih a rtasenablt limi. All diffieuU and uides 

matter has ban avoided. Tkitxamfln fyr the most part are ea^; and 

the rule! are cBneiu. 

Todhunter. — Worti by I. TODHUNTER, m. a., F. R. S., 
of St. John's College, Csmbndge. 

THE ELEMENTS OF EUCLID. For the Use of Colleges and 
Schools. New Ediiion, iSmo. doih. 3/. W. 

Ai tie dementi 0/ Euclid oretftuaify placed in the hands of young 
ttudentt, it is imporlanl te exhibit the wort in meh a farm as ■wilt atiiil 
them in BBereeming the difficulties tohiek they experienee en their first «■• 
freduelion tafirBcesses af contintteus argvment. No method appears It it 
so tueful as that of breaking up Ike demonstrations into their conslilnent 
parts; a plan strongly recommended by Frofessor De Morgan. In thi 
present Editum eath diilincl assertion in the argumtnt begins a neat line : 
and at the ends of the Una art placed the necessary references to tht 
preceding principles OH vihich Ike assertions defetid. 7%e longer proposi- 
tions are distributed into suberdinati parts, -aihick are distinguished by 
breaks at Ike beginning of the lines. Miles, appendix, and a eollettian oj 
exercises are added. 

MENSURATION FOR BEGINNERS. With Numerous Emraples. 
iSmo. cloth. 3s. dd. 

The subjects included in the present wort are those which hcczt usually 
found a ^ace in Elementary TVeatties on Mensuration. The mode of 
treatment has been determined by the fact that Ike tiiork is intended for the 
use if beginners. Accordin^y it is dh'ided into short independent chapters, 
vhiih are followed by appropriate examples. A inotaledge if the elemettts 
of Arithmetic is all thai is assumed; and in connexion mth mast of the 
Sales of Mensuration it has been found practicable to gri't such explana- 
and tllustrations as will supply tin place of formal inathematiial 



Todhuntcr (I.) — continued. 

demenitratiani, ■which tmmld havt hxH unsuilahU le the characltr of tki 

ALGEBEA FOR BEGINNERS. With numerous Examples. New 
Edition. iSmo. cloth. Ii. &/. 

Grtai paitti hqiif han total la raidrr this viork intetligibU ta young 
ihidcnts, by the mi of simfili latgimgt and iy capieui aplaaalioBS. la 
deltrmiHiitg the suhjats to te indudtd and Iht sfate to be asHgtitd to each, 
the Author has beat guidtd by the paprrs groea at thevariimsexaminatteHi 
in demtalary Algebra which ore nma carried oh in this country. The 
b«ek may he said to eoHsist of three pqrU. Tie first part contains lit 
dementary eptrationi itp integral and /raclianai expreisions ; the second 
the solution of tqualions and problems ; the third treats of various subjects 
vlAich an introduced but rarely into examination papers, and are mete 
briefly discussed, fraviiion has at the same lime been made for the 
introduction of easy equations and pjoblenis at an early stage— for those 
who prefer such a course. 
KEY TO ALGEBRA FOR BEGINNERS. Crown Svo, doth. 

6j. 6./. 
TRIGONOMETRY FORliEGINNERS. WithnumerousEjuunplcs. 
New Edition. iSmo. cloth, is. dj. 

Intended to serve as an introduction to the larger trastise on Mane 
TMgonomdry, published by the Author. The same plan has been adopted 
as in the Algebra for Beginners : the subject is discussed in short chapters, 
and a lallatiano/ examples is altachai to each chapter. The first fourteen 
chapters present the geometrical fart of Flane Tri^Hotnelry ; andconfain 
all that is necessary for practical purposes. The range of matta" included 
is such as seems required by the various exarainationi in eleateataiy Tri- 
gonemelry whi^h are novicarrial on in tlie country. Ansviers are appended 
at the end. 

MECHANICS FOR BEGINNERS. With numerous Ejramples. 
Second Edition. iSino. cloth. 41. 61^ 

Intended as a companimi to the taie preceding books. The leork forms 
mn elementary treatise on demonstrative mechanics. It may be true that 
this fart of mixed mnthematies has been stmdimes made too abstract and 
speeulalive ; but it can hardly te doutleil that a knmeledge of the elements 
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Todhunter (I.) — cmtinued. 

at last of Ikt theory of lAt tuhjtct is actraiuly vnlnailt even fiir thatt 
who are mainly esnitnud with liraelitalrtiiilti. 7^ AutAsr hat accord- 
ingly endeaveur/d to provide a suilaiU intredvction to the study ef afpUtd 
as well as of Ikairetieal mechanics. The luork censisls of tuie parts, 
tiamdy, Statics and Dynamics, It will be found to contain ail that is 
usually comprista in denttnlary treatises on Mechanics, together laith some 
additions. 
ALGEBRA. For the Use of Colleges nnd Schools. Fifth Edition. 

Crown 8vo. doth. 71. dd. 
This work contains all the propositions which are usually included ii 
elementary treatises oh Algehra, and a large mtniter of Examples for 
Exercise. The attthar has sought to render the wort easily intelligibU U 
students, viithoMt impairing the accuracy 0/ the demonstralioni, or «»• 
Itaeting the limits of the subject. Hie Exam^, about Sixteen hundied 
and fifty in number, have been seiectedwifA a view to illustrate eeery part 
of the subject, Eath chapter is complele in itself; and the work wilt te 
found peculiarly adapted to the wants of students -who ore without the at 
of a teacher. The Answers to the examples, with hints far the solution ^ 
some in which assistance may be needed, are given at the end of the booM^ 
In the present edition two IVcw Chapters and Three hundred miscellaneetis 
Examples have been added. The latter are arranged in sets, eaeh set 
containing ten examples, 
KEY TO ALGEBRA FOR THE USE OF COLLEGES AMD 

SCHOOLS. Crown 8vo. toi. 6d. 
AN ELEMENTARY TREATISE ON THE THEORY OF 

EQUATIONS. Second Edition, revised. Crown Svo. doth. 

71. 6d. 

This treatise contains all the propositions which are usually included 
in dementary treatises on the theory of Equations, legether with Examples 
for exercise These have ban sdected from the College and Univiriity 
Examination' Fapers, and the results have been given when it appeared 
necessary. In ordcf to exhibit a comprehensriie viem of the subject, the 
treatise includes in-.it.'ti^oMons which are net found in all the preceding 
dementary treatises, a<id also some invesligations which are not to be found 
in anfi of them, for the second edition the work has been revised and 
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Todhunter {l.)—ceiitinufd. 

lOBit additions have btSH made, Ike most imfmiiaHi bting an atcount cj 

tht rtsianha of Prafasot Sylvester rafitding Nmlct/s RhU. 

PLANE TRIGONOMETRY. For SchooU and ColIeE=s. FourlK 

Edition, Crown 8vo. cloth, y. 
TS* design of this work has been te render the snb}Kl iittelligiile te 
ieginn/rs, and at the same time to afford the student the oppertuniSy bJ 
ebtaining all the information which he ■will require on this branch oj 
Malhftnatics. Each chapter is fellaifed by a set ef Examples: those 
vihkk are entitled Miscellaneous ExsmpleE, tocher v)Uh a few in some 
of the other sets, may be advantageously reserved by tht studttil for exercise 
after hi has made some progress in the subject. In the Second Edition 
tkt hints for the solution of the Examples havebem considentily increased. 
A TREATISE ON SPHERICAL TRIGONOMETRY. Second 

Edition, enlarged. Crown Evo. cloth. 4J'. 6d. 
The f resent work is coiistrucled on the same plan as the treatise en 
Plane Trigonometry, to Johich it is intended as a sequel. In the account 
of Napier's RhUs of Circular Parts, an exfilanatien has been given of a 
method of proof devised by Napier, 'oikich seems te have been averloaked 
by pto^ modem vrriters on the subject. Considerable labour has been 
Ivitmied on the text in order to render it comprehensive and accurate, and 
the Examples {selected ckieHy from College Examination Papers) have 
all been carefully veri/ied. 
PLANE CO-ORDINATE GEOMETRY, ai applied to the Straight 

Line and the Conic Sections. With numeroui Examples. Fourth 

Edition, revised and enlarged. Crown Svo. clolh. ^s. 6d. 
The Author has here endeavoured to exhibit the subject in a simple 
manner for the hcnefil of beginners, and at the same time to include in one 
volume all that students usually require. In adaition, therefore, to the 
prepositions which hinie always ajipeared in such treatises, he has intro- 
duced the methods of abridged notation, which art of more recent origin ; 
these methods, which are of a less elementary' character than the rest oJ the 
xvari, are placed: n separate chapters, and may he omitted by the student 
at first. 
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Todhunter (I.) — antinuta. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. Fourth Edition. Crown Svo. cloth. loi. 6d, 

Tht Author kai titdaevourtd in the iraeiit wari to ahiiit a lomprr- 
kimaii view of the Siffertnlial Calculus on the milhod of limits, /m Ot 
mare demttitary forlioHS he has entered into considerable detail in Ott 
ixplanaliens, viilh the Aefe that a reader via is toitioHt tie assistanet tf a 
ti'lor may be enabled to acquire a competent acquaintance with the sn^eA 
The method adopted is that of Differential Coeffieiatts. Te the d^trmt 
chapters are appended examples sufficiently numerous to render aHothlf 
botk unnecessary ; these examples bdug -mostly selected from CoUep Ex- 
amination Papers. 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous EKamples. Third Edidoo, 
reviGed and enlaiged. Ctown Svo. clolh. lar. dd. 

This is designed at a work at ona elementary and complete, edt^Ui 
for the use of ieginners, and sufficient for tkeiiiants of advanced itudmil. 
In the sdeclien of the propositions, and in the mode of establishsng ihem, 
it has been sought to exhibit the principles clearly, and to iUuttrab. 
all their mast important results. The process of summation has itat 
repeatedly drought forward, with the view of securing the attention ^ 
the student to the notions which firm the true fiatndatian of the Caladiu 
itself, as vidl as of its most valuable applications. Every attempt has tten 
made It explain thasedifficuUia ■which usually perplex begini 
viilh refa-ente to the limits of integrations. A neie method has been , 
in regard to ike transformation of multiple integrals. The last cht^llf 
deals vntk the Calculus of Varia^rts. A large collection of exereisfif 
selected from ColUgt Examination Papers, has teen appended to the several 
chapters. 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second E^Uon, nvisEd. Crown Svu. doth 4A 
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Todhunter (I.) — continued, 

A TREATISE ON ANALYTICAL STATICS. With n 

Examples. Third Edition, reviwd and enlajged. Crown 8vo. 
cloth, tor. dd. 

In this -work en slalkt [trtating of the laws of the tpiiliirium ofbedits) 
■wUl In fimnd all tlU frapositiaas whak usually afPfar in trmtisa en 
l^arOuat Slatits. To tki difftftnl chapters examples are appended, 
■whkh have been principally selected from University Examination Papers. 
In the Third Editien many additions have been made, in order to illiii- 
traie ihi application ef the principles of the subject to the solution ej 
problems. 



Wilson (J. M.) — ELEMENTARY GEOMETRY. Anglw, 
Parallels, Triangles, Equivalent Figures, thp Circle, and Propor- 
tion. By J. M. Wilson, M.A., Fellow of St. John's College, 
Cambridge, and Mathemmical Master in Rugby Sdiool. Second 
Edition. Extra fcap. 8vo. 3J. hd. 

The distinctive features of this work are intended to be the fillowing. 
The clasiijication of Theorems according la their sub/ects ; the separation 
tf Theorems and Problems; the use of hypolhelical conslnations ; the 
ttdoflion of independent proofs vihere they art possible and simple; the 
iltb-oduetioH 0/ the terms locus, projection, &c. ; Ike importance giveti to 
the notion of direction as the properly of a straight line ; the intermixing 
of exercises, classified according to the methods adopted for their solution ; 
the diminution of the number of Theorems; the compression of proofs, 
e^tedaUy in the later parti of the book ; the tacit, instead of the explicit, 
r^erenee to axioms ; and the treatment of parallels. 

ELEMENTARY GEOMETRY. PART IL (sepanitel)'). Tlie 
Circle and Proportion. By J. M. Wilson, ^i.A. Eitm fcnp. 
Svo. %s. 6d, 
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Wilson (W. P.) — A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast 8vo. 

Wolstenholme. — a BOOK OF mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some- 
time Fellow of St John's Collie, and lately Lecturer in Mathe- 
matics at Christ^ Collie. Crown Svo. cloth. %s. 6d. 

Contents: — Geometry {Euclid) — Alg^a — Plane Trigonometry-^ 
Geometrical Conic Sections — Analytical Conic Sections — Theory of Equa* 
Oons — Differential Calculus — Integral Calculus — Solid Geometry — Statics 
— Elementary Dytiamics — Newton — Dynamics of a Point — Dynamics of 
a Rigid Body — Hydrostatics — GeometritcU Of^s — Spherical TH^n^me^ry 
and Plane Astronomy^ 



SCIENCE. 

ELEMENTARY CLASS-BOOKS. 

The importance of Science as an element of sound educa- 
tion, is now generally acknowledged ; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those Manuals that have 
already appeared, with a short account of each. Others 
; in active preparation ; and the whole will constitute a 
standard series specially adapted to the requirements of be- 
ginners, whether for private study or for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTKONOMY. With Illustrations. By G. B, 

AlRV, Astronomer Royal. Sixth and cheaper Edition. iSmo. 

cloth. 41. (id. 

This -moTk consist! of six latura, which arc inlcndcd " to explain to 

itttelligiMt fcrsBHS the principles on ■which the instruments of an Qbstrva- 

tary are consli-ucled (omitting all details, to Jar as Ih^r an merely sub- 
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Elementary Claas-Books — continued. 

st'Jiaf^Jt dnd the principles on •which tht observations made tvitk Ikese 
instrumtnts arc treated for deduction of the distances and ■amgils of the 
todies of Ike Solar System, and ef a fan stars, omiliing all miltutia of 
/onnula, and all troublesome details of eaUttlaHon" The speciality of this 
volume is ihe direct reference of every step to the Observatory, and thefuit 
description of the methods and instmmtnts of observation. 

ASTRONOMY. 

MR. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
NOMY. With Coloured Diagram ol the Spectra of the Sun, 
Stars, and Nebulse, and numerous lUostrations. By J. NORMAK 
LacKVER, F.R.S. Seventh Thousand. iBmo. Jr. 6i 
The author has here aimed to give a connected vien of the whole subfat, 
and to supply facts, and ideas founded on Ihe facts, to serve as a basts fir 
subsequent study and discussion. The chapters treat ef the Stars and 
Neiut^ : Ihe Sun; the Solar System! Apparent Movements of thtHeaaiad't 
Bodies ; the Measurement of Time; Light ; the Telescope and Spectreicape; 
Apparent J^aces of Ihe Heavenly Bodies ; the Real Distances and JJimen- 
liens; Universal Gravilatian. The mast recent astronomical disecvaria 
are incorporated. Mr. Lochyet's wort supplements thai of Ihe Astranemtr 
Royal menliened in ihe previous article. 

QUESTIONS ON LOCKYER'S ELEMENTARY LESSONS 
IN ASTRONOMY. For the use of Schools. By John Forbes- 
Robertson. iSmo. cloth Hmp. is. dd. 



PHYSIOLOGY. 

PROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
PHYSIOLOGY. Wilh numerous Illustrations. By T. H, 
Huxley, F.R.S. Professor of Natural History in the Royal School 
of Mines. Sixttenth. Thousand. iSmo. cloth. 4r. id. 



Elementary Class-Books — continued. 

This book dtscribn and txplains, in a seriei of graduated lasans, the 
frittiiplts ej Human Phyiiolngy ; ar the SInicturi and Functicns of the 
Htonan Body. The Hril laton atpplitt a general view of lAt ntbjat. 
This isjbllsiaed by ieelio?u en the Voicular or Viineut Syitem, and Iht 
Cirniiation: the Blood a'ld the Lynifih; Rapiratian ; Sottrca of Loss 
and of Gain la the Blood ; the Funttion of Alimentation ; Motion and 
Locomotion; Sttisations and Sensory Organs; the Organ of Sight ; the 
Coalescence of Sensations viilk one another and with other Slates of Con- 
tetoHtness ; the Nttvous System and Innervation ; Histology, or the 
Minute Structure of the Tissues. A T^le of Anatomical and Physio- 
logical Constants is appended. The lessons are fully illustrated by 
numerous engravitigs. The manual is primarily intendel to serve as a 
text-hook for teachers and learners in boy/ and girls' schools. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
ByT. Alcock, M.D. iSmo, u. f,d. 



PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY. With nearly Two Hundred Illualrations. Tenth 
Thousand. iSmo. cloth. 41. 61/. 

This hook is designed to leach the Mlements of Botany on Professor 
Henslaw's plan of selected Types and by the use of Schedules. The earlier 
chapters, embracing the elements of Structural and Physiological Botany, 
introduce us to the methodical study of the Ordinal Types. The can- 
eluding chapters are mtiilsd, "How to dry Plants" and "Hew to 
describe Plants." A valuable Glossary is appended to the volume. Jn 
the preparation of this wort free use has been made of the manuscript 
materials of the late Professor Henslow, 
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Elementary Class-Books — continued, 
CHEMISTRY. 

PROFESSOR ROSCOE'S LESSONS IN ELEMENTARY 
CHEMISTRY, INORGANIC AND ORGANIC. By Henry 
E. RoscoE, F.R.S., Professor of Chemistry in Owens College, 
Manchester. With numerous Illustrations and Chromo-Litho. ol 
the Solar Spectrum, and of the Alkalies and Alkaline Earths, 
New Edition, Twenty-sixth Thousand. iSmo. cloth. 4r. 6d, 

It has been the endeavour of the author to arrange the most important 
facts and principles of Modern Chemistry in a plain but concise and 
scientific form^ suited to the present requirements of elementary instruction. 
For the purpose oj facilitating the attainment of exactitude in the knowledge 
of the subject^ a series of exercises and questions upon the lessons have been 
added. The metric system of weights and measures^ and the centigrade 
thermometric scale^ are used throughout the work. The ntw Edition^ 
besides new wood-cuts, contains many additions and improvements^ and 
includes the most important of the latest discoveries. 

POLITICAL ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By Millicent 
G. Fawcett. i8mo. 2s. 6d, 

The following pages have been written mainly with the hope that a short 
and elementary book might help to make Political Economy a more popular 
study in boyi and girli schools. In order to adapt the book especially for 
school use, questions have been added at the end of each chapter, 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC ; Deductive and Induc- 
tive, with copious Questions and Examples, and a Vocabulary of 
Logical Terms. By W. Stanley Jevons, M.A., Professor of 
Logic in Owens College, Manchester. i8mo. 3^". td. 

In preparing these Lessons the author has attempted to show that Logic^ 
even in its traditional form, can be made a highly useful subject of study , 
and a powerful means of mental exercise. With this view he has avoided 
the use of superfluous technical terms, and has abstained from, entenng 
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into questions of a purely speculative or metaphysical character. For the 
puerile illustrations too often found in works on Logic, examples drawn 
from the distiftct objects and ideas treated in the natural and experimental 
sciences have been generally subsHiuted. At the eftd of almost every 
Lesson will be found references to the works in which the student will most 
profitably continue his reading of the subject treated, so that this little 
volume may serve cts a guide to a more extended course of study, 

PHYSICS. 

LESSONS IN ELE^MENTARY PHYSICS. By Balfour 
Stewart, F.R.S., Professor of Natural Philosophy in Owens 
College, Manchester. With numerous Illustrations and Chromo- 
liths of the Spectra of the Sun, Stars, and Nebulae. i8mo. 4r. 6^. 

A description, in an elementary manner, of the most important of those 
laws which regulate the phenomena of nature. The active agents, heat, 
light, electricity, etc., are regarded as varieties of energy, and the work is 
so arranged that their relation to ofte another ^ looked at in this light, and 
the paramount importance of the laws of eftergy are clearly brought out. 
The volume contains all the necessary illustrations, and a plate represent' 
ing the Spectra of Sun, Stars, and Nebula, forms a frontispiece. 



MANUALS FOR STUDENTS. 

Flower (W. H.)— AN INTRODUCTION TO THE OSTE- 
OLOGY OF THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal College of Surgeons 
of England in 1870. By W. H. Flower, F.R.S., F.R.C.S., 
Hunterian Professor of Comparative Anatomy and Physiology. 
With numerous Illustrations. Globe 8vo. 'js. dd. 

Although the present work contains the substance of a Course of Lectures, 
the form has been changed, so as the better to adapt it as a handbook for 
students. Theoretical views have beeft almost entirely excluded: and while 
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Roscoe (H. E.)— SPECTRUM ANALYSIS. Six Lectures, 
with Appendices, Engravings, Maps, and Chromolithographs. 
By H. E. Roscoe, F.R.S-, Professor of Chemistry in Owens 
College, Manchester. Royal 8vo. 2Ij. 

A Second Edition of these popular Lectures, containing all the most 
recent discoveries and several adaitional Illustrations. 

" The lectures themselves furnish a most admirable elementary treatise 
on the subject, whilst by the insertion in appendices to each lecture df 
extracts from the most important published memoirs, the author has 
rendered it equally valuable as a text book for advanced students,^"* — 
Westminster Review. 

Thorpe (T. E.)_A SERIES OF CHEMICAL PROBLEMS, 
for use in Colleges and Schools. Adapted for the preparation of 
Students for the Government, Science, and Society of Arts Exa- 
minations. With a Preface by Professor Roscoe^ i8mo. 
cloth, ij. 

In the Preface Dr. Roscoe says — " My experience has led me to feel more 
and more strongly that by no method can accuracy in a knowledge of 
chemistry be more surely secured than by attention to the working of well- 
selected problems, and Dr. Thorpe^ s thorough cu:quaintance with the wants 
of the student is a sufficient guarantee that this selection has been carefully 
made. I intend largely to use these questions in my own classes, and I can 
confidently recommend them to all teachers and students of the science,^^ 

Wurtz.— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Watts, F.R.S. Crown 8vo. dr. 
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Abbott A SHAKESPEARIAN GRAMMAR. An Attempt to 

illustrate some of the Differences between Elizabethan and Modern 
English. By the Rev. E. A. Abbott, M.A.. Head Master of the 
City of London Sdiool. For the Use of Schoola. New atid En- ■ 
laired Edition. Extra fcap. 8vo. 6^. 

Tki ebject of this work is to funush students a/ ShakapcaTt and Baton 
vith a short syslimatk account of some points of diffhrnce irtanen Elaa- 
bithan syntax and our ovtn. A section on Prosody is added, ami Notes 
and Questions. 

The success wiicA has attended the First and Second Editions of the 
"Shakespearian QtJiWttJii.," and the demand for a TAird Edition 
V/ithin a year of Ike puUicatioK of the First, has encouraged the Author to 
endeavour to make the wort somnuAat more useful, and to render it, as 
far as fallible, a complete book of reference f<a- all difficulties of Shakespear- 
ian syntax er prosody. For this purpose the vrhole of Shakespeare has 
been re-read, and an attempt has been made to include iiHlkin this Edition 
the explanation of every idiomatic di^culty (fiihere Iht text is not con- 
fessedly corrupt) that conifs iiiitkia the province of a grammar as distinct 
from a ^ssary. 

The great object bang to make a vsiful book if reference fur students 
tnd espefially for classes in schools, several Pitys have been indexed s. 
Mly that -Jiilh the aid of a glossani and hifloricat notes the re/ereaces will 
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usually rmdtrs hiihry Umnttresling ; the lalirr is unsatisfaelBiy, hicaust 
ii is KBt lufficitully comprehatsive. To remedy tiii diffictdty jetecliota, 
tOHliituaui and chrpaalajpeal, home, in the present vohimt, been taken fram 
the larger -woris of Frtrmant Milntan, Palgrave, and otheri, ■whkh Mar . 
serve at diilintt landmarks of kislorkal reading. " We know of it, 
anything" says the Guardian, ef this tvlame, "viiieA it so likely ts 
le a higher lead the average standard of English education." 

Freeman (Edward A.)— OI.D-ENGUSH HISTORY. 

By Edward A. Fref.man, D.C.L., lale Fellow of Trinity 

College, Oxford. With Five Coloured Maps, New Edition. 

Eilra fcap. 8vo. hnlf-bound. ds. 

' ' Its object is to show that dear, accurate, and scientific vieav of history, 

or indeed af any subject, may ie easily given to children from the very first, 

. , , . I hmie, 1 hope, shown thai it is perfectly easy to teach ciUdrai, 

from the ■very first, to distinguish true history alike from l^tnd andjrim 

vnlful itrtitntinn, andalsota understand the nature of historical atilhari- 

ties and to weigh one statement against another. . . . I have throtighout 

ttrk'tn to ennnect the history of England with the general history ^ 

eivUited Europe, and I have especially tried to make the book serve at aH 

incentive to a more accurate study of historical geography." —Vg.sxKClt. 

Helfenstein (James) — a comparative GRAMMAR 

OF THE TEUTONIC LANGUAGES. Being at the s 

tJmea Hisloricai Grammar of the Engiish Language, and coDtpriaif 

Gothic, Anglo-Saxon, Early English, Modem English, Icelandic 

(Old Norae), Danish, Swedish, Old High Gomian, Middle Higll , 

German, Modem German, Old Saxon, Old Frisian, and Dutch. 

By James Helfenstein, Ph.D. 8vo. i&t. 

This TBori traces Ike different stages of development Jtroifgi ihUdI 

the various Teutonic languages have passed, and the law: mhitk X 

regulated their gromth. Tlie reader is thus enabled to stuify the rdatltK ' 

which these ianguages bear to one another, and to the English langtuigt (« 

particular, to which special attention is devoted tkroiighoHt. Jit Jl^, 

chapters OH A itcieat and Middle Teutonic la npmges Ho grammiUiealjetw, 
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u etttiOtd lAc knamledge of vikUh is required for the sluify of amietU 
liieralure, tohelher Gothic or Anglo-Saxon or Early English. To ea<h 
chafiter is prefixed a li/tch sJumdag tie relation of the Teuienie to tht 
cognate langnoges. Greet, Latin, and Sanskrit. Those who hasc maitind 
the book will be in a position a proceed with intelligence to tht more 
elaborate -aiorla of Grimm, Bopp, Pott, Schleicher, andothers. 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rbt. C. Hoia On 
SheeL IS. 



A BKIEF BIOGRAPHICAL DICTIONARY. Compiled and 
Arranged by Charles Hole, M.A., Trinity Collie, Cambridge. 
Second Edition, I Emo, neatly and strongly bomid in cloth. 4j, id. 

The inquiry is frequently node concerning an eminent man, when did 
he live, or for what was he celebrated, or what biographies have we aiout 
himt Such information ii concisely supplied in tMs Dictionary, Jt -contains 
mere than 18,000 names. Extreme care has ban besbnBedoti Ihevrrifica- 
tien of the dates, and thus numerous errors current in previous works have 
been corrected. Its si%e adapts it for the desk, portmanteau, or pocket. 

"An irrvcduable addition to our manuals of reference, and from iti 
moderait price cannot fail to become as popular as it is usefuL" — Times. 

Jephson.— SHAKESPEARE'S "TEMPEST." With Glossarial 
and Explanatoiy Notes. By the Rer. J, M. Jephson. iSmo. 
IS. 6d. 
It is important to find some substitute for classical study, and it is 
idievid that such a substitute may be found in the Plays of Shakespeare. 
Each sentence of Shakespeare becomes, like a sentence in Thucydida or 
Cicero, a lesson in the origin and derivation of words, and in the funda- 
mental rules of grammatical construction. On this principle the present 
edition of the " Tempest" has ban pr^ared. Tlit text is taken from the 
" Camtridgt Shakespeare." 



M>Cosh (Rev. Principal), — the laws of discur- 
sive THOUGHT. Being a Tail-Book of Formal Logic By 
James M'Cosh, D.D,, LL.U. 8vo, ft. 
In this trtathe the Notion [with thi Term and the Relation of Thntgit 
la IjiHguBge, ) im// be fimnd to occupy a largo- relatk-e fiare than in a 
logical wori taritten since the time of the tamsm " Art of Thinking." 

Oppen.— FRENCH READER. For Ihe Use of Colleges and 

Schools. Containing a graduated Selection from modem Authors 

in Prose and Verse; and copious Notes, chiefly EtymologicaL By 

EnWARO A. Oppem. Fcap. 8vo. doth. 4J. f>d. 

This is a Setrclion from the best modern authors of France. Its 

tincth-e feature consists in its itfmologieal notes, connecting Fratck teith 

thi clastical and modem languages, including the Celtic. This subftet 

has hitherto been little discussed even by tkt best •educated teachers. 

A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 

for Schools and General Readers. By the Autliot of " The Heu 

of RedcIyfFe." iSmo. cloth. 

A record of some of the good and great deeds of all time, abridged from 

Ihe larger viorh of the same author in tie Golden Treasury Series. 

Sonnenschein and Meiklejohn. — THE ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonnenschbim 
and J. M. D. Meiklejohn, M.A. Fcap. Evo. 
Comprising. 

; The Nursery Book, containing all the Two-Letter Words b tie 

Laiiguage. I d. 

The FfEST Coiiree, conaiBting of Short Vowels with Sin^ 



The Second Course, with Corobinatlons and Bridges, mn< 

sisting of Short Vowels with Double Consonants. 4d. 

' The Third and Fourth Courses, consisting of Long 

Vowels, and all the Double Vowels in flie Language. 6d. 
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A Utriei tf Books in which an attfmpt is madi to placi tht proctss o 
learning la read English on a settiitific basis. This has been dont by 
separating theptr/eclly regular parts of the language from the irregular, 
and fy giving the re^ar parts to the learner in the exact order of thtir 
difficulty. The child begins wiih the smallest pBStible elenunl, and adds to 
that dement ane letter— in onh one of its functions— at one lime. Thus 
the Kijuence is natural and complete. 



Vaughan (C. M.) — A shilling book of words 

FROM THE POETS. By C. M. Vaughan. iSom. cloil. 
It has been fdt of late years that the children of our parochial schools, 
and those classes of our countrymen which they comvtordy t^resent, are 
capable of being interested, and therefore benefited also, by something higher 
in tht scale of podical composition than those brief and somrwhai puerile 
fragments to nihich theo' knowledge was formerly restricted. An attempt 
hits here been made to supply the want by forming a sdection at once 
Doriouj and unambitious ; healthy in tone, /ust in sentiment, devoting in 
thought, and beautiful in expression. 



Thriog, — Works by Edward Tkrikg, M.A., Head Master o 
Uppingliaiii, 

THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
■m(h Questions. Fourth EditioD. iSmo. 31. 

TTas little worh is chiefly intended for teachers and leamtri. It took it:! 
rise from questionings in National Schools, and the whole of the first fart 
is merely the ■mriling out in ordei the answers to questiOTis which have ba. >• 
used already with success. A chapter on Learning Language is especially 
addressed to teachers. 

THE CHILD'S GRAMMAR. Being tlie Substance of "TTie 
Elements of Grammar taught in English," adapted for the Use ul 
Junior Classes, A New Edition. iSmo, li. 
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Thring — tontinued. 

SCHOOL SONGS. A Collection of Songs for Schools. With the 

Music arranged for four Voicei. Edited by the Rev. E. Thkihq 

sad H. Biccius. Folio, 71. td. 
There is a tendimy in schvals to slereotyft the forms aftifi. Any genial 
tohitHl is valuable. Gflmes do mucA; but games da nt< penetrate t» 
dnmeslic life, and are much Hmiled by age. Musk supplies the want. 
The collection includes the "Agnus Dei" TennyoK's "Light Brigade" 
Miuaalafs^Itny" &^. among ether pieces. 

Trench (Archbishop).— HOUSEHOLD BOOK OF ENG- 
LISH POETRY. Selected and Arranged, with Notes, by 
R. C. Trench, D.D., Archbishop of Dublin. E«ra fcnp. 8vo. 
S'. 61/. Second Edtion. 

This volume is called a ' ' HouseheU Boak,^ by this name implying thai 
it is a book fur all — that there u xotAiHg in it lopreoeHt it from icing 
confidently ^aced in the hanJi of etiery aiemher of the househcld. Spea- 
mens of all classes of poetry are grnen, including selections frem livin.% 
authors. The Editor has oim^ to produce a hook "which thetmigrcmt, 
finding room for little not absolutely necessary, might yet find room for it 
ill his tnini, and the traveller in his knapsack, and thai on sr. 
shelves inhere there arefao hooks this might be one." 

" TSf Archbishop has conlerred in this delightful volume at 
giflenthewkoliEn^liik-speakingpopulalumofUtevnrrld."~^KiX.'iAj,lA. 
GaJetTE. 

Yonge (Charlotte M.).— A PARALLEL HISTORY OF 

FRANCE AND ENGLAND : consisting of Outlines and Dates. 

By Charlotte M. Yonge, Author of "The Heir of Redclyffe," 

" Cameos of English History," &c., &c. Oblong 4to. 3j. fid. 

TTiis tabular history has been dra-ian up to supply a -wantfdt by manv 

teachers of some means of mating their pupils realize -what events in Iht 

tiBo countries were contemporary. A siel^n narrative hat been coH' 

siructed of the chief transactions in eith/r country, placing a column 

b^tioeenfor what affected both alike, by which means it is hoped that young 

people may be assisted in gasping the mutual rdoHim 0/ et 
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Abbott (Rev. E. A.)— bible lessons. By the Rev. 
E. A. Abbott, M.A., Head Master of Ihe City of London 
School. Second Edition, crown Svo. 4^. 6<i. 

This baok is wrilliv in Ihi form of dialogua carried on hitmcen a 
ttach^r and pupil, and its main ohjfct is to niate the sciolar think /or 
himself. Til great hiilM of the dialogues represents in Ihe spirit, and 
ffjttn in the words, the religious instruction which Ihe author has been 
in lit habit of giviiig to the Fijih and Sixth Forms of Ihe CilyefLondm 
School. 



Cheyne (T. K.)— the BOOK of isaiah chrono- 
logically ARRANGED. An Amended Version, wUh 
Historical and Critical Introductions and Explanatoiy Notes. Sy 
T. K. Chevnk, M.A., FeUow of BaUiol College, Oxford. 
Crown Svo. -js. hd. 

The object ef this edition is simply te restore Ihe probable meaning ej 
Isaiah, so far as this can be expressed in modern English. The bails of 
the version is the miised translation of xdw, but no scruple hits btm fdl 
in introducing alleralioHS, wherever the true sense 0/ the prephci.cs 
appiared to require it. 

Eastwood. — THE BIBLE WORD-BOOK. A Glossary r^t 
Old English Bible Words, By J. Eastwood, M.A., of St. John's 
College, and W. Alois Wkight, M.A., Trinity College, Cam- 
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It it the ibjtcl sj this Clostary te exflain and illustrate all tuch viards, 
phrases, and canslniclions, in the Aulhoriad Version of the Old and Neia 
TeilamtHls and the Apocrypha, and in the Book of CammoH Prayer, as 
itre either obsolete er arehaie. Full explanalisns are supplied, and that 
illiislraled h numerous citations from the dder ■writers. An index ef 
editions qu^ed is appended. Apart from its immediate tuhject, thisvieri 
serves to illustrale a viell-marAed period in the kislcry pf the Engiiik 
language. It is thus of distinct piUohgieal value. 

GOLDEN TREASURY PSALTER. Students' Edition. Being an 
Edition of "The Psalms Chronologically Arranged, by Four 
Friends," with briefer Notes. iSmo. 31. id. 

In maiing this abridgment of " The Psalms ChtonolBgieal/y Arrar^d," 
the ediloT! have endeavoured tc meet the rj/iarements 0/ readers of a 
different class from those for whom li.e larger edition vias intended. Sam* 
who found the lar^ book useful Jot prwa4e reading, have asked fir an 
ediHen of a smaller sia and at a Uniier price, for family use, -while at tlte 
same time some Teachers m Tnlilic Schools have suggested that it -would he 
convenient for them to have a simpler booh, tahich they could put into the 
hands of younger pipus. 



Hardwick. — A HISTORY OF THE CHRISTIAN CHURCH. 

Middle Age. From Gregoiy the Great to the Excommunication 

of Luther, By Archdeacon Hardwick. Editeti by Fkancis 

Procter, M.A. With Four Maps constructed for this work by 

A. Keith Johnston, Second Edition. Crown Svo. lai. dd. 

Tie grouud-plan of this treatise coincides in many points with one 

adopted at the close of the last century in the colossal -wori of Schrbcth, and 

since that time by others of his thought/til countrymen ; but in arranging 

the materials a very different course has frequently been pursued, WHk 

regard to the opinions of the author, he is ■willing to avow distinctly that ht 

has construed history ■with the specife prepossessions of ait Englishman and 

a member of the English Church. The reader is constantly referred to 

the authorities, both original and critical, on -which the si 

founded. 
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Hard w i ck . — continued. 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 

REFORMATION. By Axchdkacon Harbwick. Revised by 

Francis Procter, M. A. Second Edition. Grown Svo. icv. 6f/. 

TXis vdumc is inlcnded as a sequil and companion lo the ' ' History tf 

tkt Christian Church during lie Middle Age." Thi autior's tarntiS 

wish hat ieen to give the reader a trttttmorthy version oj those stirring 

iticidmts which mart the Riformalien period, without relinguUhiHg his 

former claim to characterise pecuOar sysleias, persons, and events according 

to the shades and colours Ihey assume, when cuntonplattd frrnn an £/tgliii 

point of viral, and by a member of the Church of England, 

Maclear. — Worki by the Rev. G. F, MACLEAR, B.D., Head 

Master of King's College School, and Preacher at the Temple 

Church. 
A CLASS-BOOK OF OLD TESTAMENT HISTORY. Fifth 

Edition, with Four Maps, iSmo. doth. 41. Hd. 
This volume forms a Class-book of Old Testament History from the 
tarliist iiaus ta those of Esra and Jfehemiah. Ih Us frtparation the 
most recent authorities have been eonsulled, and wherever it has appeared 
useful. Notes have been subjoined Hluslralriie of the Text, and, for the sake 
of more advanced students, references added te larger worts. The Index 
hat been so arranged as to form a concise dictionary of the persons and 
places mentioned in the course of the narratioe; while the maps, which have 
been prepared with considerable care at Stanford's Gregraphica! EttaUish- 
mtnt, wilt, it is hoped, materially add to the value and usefulness of the 
Boon. 
A CLASS-BOOK OF NEW TESTAMENT HISTORY, inclodiog 

the Connexion of the Old and New Testament With Four Maps, 

Third Edition. iSmo. cloth. 51. 6d. 

A sequel to the authot's Class'^ook of Old Testament History, conlinsiing 

the -Harrative from the poiiU at which it there ends, and carrying it on te 

the close of St. PauCs second imprisonment at Rome. In its preparation, 

at in that of the former volume, the most recent and IrvstwottAy aiiiherilies 



k 



L 



MaclearfEev. G. F., B.T>.)—^niimed. 

havi btf* consulled, nolts svhjeiiud, and refTincfs U largo- worki addtd. 
II ii thus hoptd that it may prmie at one: an useful clais-boak ami a 
utaitnitnt comfanion to Iht study of the Grai Ttilammt, 
A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 

National and Ekmcnlary Schools. With Map. iBmo, doth. 
A SHILLING BOOK OF NEW TESTAMENT HISTORy, for 

National and Elementaiy Schools. Wilh Map. l8mo. dolh. 
TTiat works have licm cart/ully abrldstd from the author' t larger 
manuals, 
CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 

ENGLAND. Second Edition. iSrno. cloth. 3s. td. 
Thu may be regarded as a sequel to Ike Closs-biniks of Old and Nob 
Tatament History. Like them, it ii fitrnished with nates and referenees 
to larger viorks, and it is hapal that it may be found, especially in tJie 
higher forms of our Public Schools, to supply a suitable manual of 
instruction in Iht chief doctrines of the English Church, and a use/ml 
help in Ihe preparation of Candidates for ConJirmalioH. 
A FIRST CLASS-BOOK OF THE CATECHISM OF THE 

CHURCH OF ENGLAND, with Scripture Proofe, for Junior 

Classes and Schools. iSmo. 6d. 
THE ORDER OF CONFIRMATION. A Sequel to the Claw 

Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. iSmo. %d. 

Maurice.— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and School- 
masters, By the Rev. F, D. Maurice. To which is added the 
Order of the Scriptures, iSmo. is. 

Procter. — a HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By FRANCIS ProctkB, 
M.A. Ninth Edition, revised and enlarged. Crown 8vo. 
lOf. 6d. 
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In the count tif Ike last twenty yiari Oil vrkclt qualioH ef Liturgical 
knaailed^ has been nopciitd with great learning and aeeurate raearch ; 
and it is mainly reith lie view of efitomiting exlensivt publitations, and 
torreeting the errort and miscoHcepfiona whieh had ebtained currtncy, 
that the present tioluiiie has been put together. 

Procter and Maclear. — an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. 
Re-airaDged and supplemented by an Explanation of the Morning 
and Evening Prayer and the Litnny. By the Rev. F. Phoctei 
«nd the Rev. G. F. Maclear. Fourth Edition. iSmo. ii. dd. 
Ai in ike other Claa-boaks of the teries, notes have also been subjoined, 
end references given to larger jwrts, and it is hoped that the vehime Tvill 
ie found adapted for use in Ike higher forms jj our Public Schools, and a 
tuUable manual fm- thos! preparing for the Oxford and Cambridge local 
examinations. This near Edition has been considerably altered, and 
several important additions have been made. Besides a re-arraiigement 
of the work generally, the IRstorical Portian kas been supplemented by an 
Explanation of the Morning and Evening Prayer and of Iht Litany. 
PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
BY FOUR FRIENDS. An Amended Version, with Historical 
Introduction and Explimatoiy Notes. Second Edition, with 
Additioos and Coitectians. Crown Svo. 8.r. 6d. 
To restore the Psalter as far as possible to Ike order in iiihick Ike Psalms 
viere written, — to give the division of eath Psalm into strophes, of each 
strophe into the lines which composed U, — to amend lie errors of translation, 
is the abject of the present Edition. Professor Ewald's works, especially 
that on the Psalms, have been extensively consulted. 

This book has been used with satisfaction by masters for private wort in 
higher classes in schools. 

Ramsay the CATECHISER'S MANUAL; or, Ihe Church 

Catechism illustrated and explained, for the use of Clergymen, 
Sehoolroasters, and Teachers. By the Rev. AllTHUR Ramsav, 
M.A. Second Edition. iSmo. \s.6d. 



I A clear explanation 



of the Catechism, by way of Question and Ass 
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nis Essay is an endeavour to consider some of the elementary truths 
of Christianity as a miraculous Revelation^ from the side of History and 
Reason, If the arguments which are here adduced are inilid, they will go 
far to prove that the Resurrection^ with all that it includes, is the key to 
the history of man, and the complement of reason, 

Wilson.— AN ENGLISH, HEBREW, AND CHALDEE 
LEXICON AND CONCORDANCE, to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew. By William Wilson, 
D-D., Canon of Winchester, late Fellow of Queen's College, 
Oxford. Second Edition, c^efuUy Revised. 4to. cloth. 25^. 

The aim of this work is, that it should be useful to clergymen and all 
persons engaged in the study of the Bible, even when they do not possess a 
kttowledge of Hebrew ; while able Hebrew scholars have borne testimony to 
the help thcU they themselves have found in it* 
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Arnold.— A FRENCH ETON; OR, MIDDLE CLASS 

EDUCATION AND THE STATE. By Matthew Arnold. 

Fcap. 8vo. cloth. 2J. bd. 

"A very interestitig disartatiim en Iht system c/ secondary instrvction 

in f ranee, ami on ike advUabitity ef CBfying the system in Eng^nd." — 

Saturday Ebvikw. 



SCHOOLS AND UNIVERSITIES ON THE CONTINENT. 



8vo, 



s.6d. 



JTu Author taas in 1865 charged by the Schools Inquiry Commissiimtrs 
viith the task of investigating tht system of educaHen Jor iMt middle end 
ifper classes in France, Italy, Germany, and Svatierland, In the die- 
ehargt ef this task he -aias on the Continent nearly seven months, and 
duringlhat time he visited the four countries nasied andmadea car^ 
study of the matters to ■which the Commissioners had directed his attention. 
The present velttme contains the report iiihich he made to them. It is here 
adapted to the use of the general reader. 

ESSAYS ON A LIBERAL EDUCATION. Edited by tne Rev. 
F. W. Farrak, M.A, F.R.S,, Assistant Master at Harrow, 
late Fellow of Trinity College, Cambridge, and Hon. Fellow of 
King's College, London. Second Edition. 8vo. cloth. loi. 6if. 

Contents : — History of Classical Education, by Charles S. Parker, 
I M.A.; Thary of Classical Educatum, by Henry Sedgaick, M.A. ; 
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